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PREFACE  TO  THE  SECOND  EDITION. 

DURING  the  six  years  which  have  elapsed  since  the  publi- 
cation of  the  first  edition,  the  subject  of  osmotic  pressure 
has  attracted  continued  attention,  both  on  its  experimental 
and  theoretical  side,  and  a  number  of  valuable  results 
have  been  obtained.  In  the  present  edition,  account  has 
been  taken  of  these.  A  fuller  description  also  has  been 
given  of  the  apparatus  employed  by  Morse  and  his  colla- 
borators. 

I  am  indebted  to  the  Carnegie  Institution,  Washington, 
and  to  the  American  Chemical  Society,  for  permission  to 
copy  figures  1-7  and  8-9  respectively.  In  the  prepara- 
tion of  the  indexes  I  have  also  been  much  assisted  by  my 
wife. 

A.  F. 
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CHAPTER  I. 

SEMI-PERMEABLE  MEMBRANES  AND  OSMOTIC  PRESSURE. 

ALTHOUGH  the  process  of  osmosis,*  or  diffusion  of  a  liquid 
through  a  membrane,  appears  to  have  been  discovered  as  early 
as  1748  by  the  Abbe  Nollet,1  and  although  many  observations 
on  the  process  of  osmosis  were  made  in  later  years  by  other  in- 
vestigators, who  were  attracted  to  the  subject  chiefly  on  account 
of  its  physiological  interest,  it  was  not  till  many  years  later, 
between  1826  and  1846,  that  quantitative  measurements  were 
carried  out  by  Dutrochet 2  and  by  Vierordt.3  By  them  it  was 
found  that  when  a  salt  solution  is  separated  from  water  by  means 
of  a  membrane  of  pig's  bladder,  the  water  diffused  through  the 
membrane  more  rapidly  than  the  salt.  The  level  of  the  solution 
therefore  rose,  and  a  hydrostatic  pressure  was  produced  ;  and 
since  this  pressure  was  brought  about  by  osmosis,  it  was  called 
an  osmotic  pressure. 

By  Dutrochet  and  by  Vierordt  it  was  established  that  the 
difference  between  the  rates  of  osmosis  of  pure  water  and  of  salt 
solution  depends  not  only  on  the  nature  of  the  salt  but  also  on 
the  concentration  of  the  solution  ;  and,  as  was  found  later,  on  the 
nature  also  of  the  membrane  or  permeable  septum  employed. 
This  influence  of  the  membrane,  indeed,  was  utilized  at  a  later 
time  by  Thomas  Graham  4  for  the  separation  of  different  sub- 
stances by  dialysis,  and  led  to  the  characterization  of  substances 
as  crystalloids  and  colloids. 

The  fact  discovered  by  Graham  that  colloidal  substances  do 
not  pass  through  colloidal  membranes,f  was  seized  on  by  Moritz 

*  The  terms  endostnosis  and  exosmosis,  applied  to  the  oppositely  directed 
diffusion  currents,  were  first  used  by  Dutrochet.  The  single  term  osmosis  is 
now  used  to  denote  the  whole  process  of  diffusion  through  a  membrane  or 
permeable  septum. 

t  It  has  been  shown  more  recently  that  diffusion  does  indeed  take  place 
but  at  a  very  slow  rate  comparatively,  depending  on  the  nature  of  the 
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Traube  5  as  pointing  to  a  method  for  imitating  the  behaviour  of 
vegetable  cells  which,  as  was  already  known,  are  surrounded  by 
a  membrane  through  which  osmosis  can  take  place. 

Hitherto,  the  process  of  osmosis  had  always  been  regarded  as 
consisting  of  two  diffusion  currents  in  opposite  directions  ;  but 
the  experiments  of  Graham  now  showed  that  in  the  case  of 
colloidal  solutions,  at  least,  one  of  these  diffusion  streams,  namely, 
the  diffusion  of  the  colloid,  may  vanish  or  become  so  slight  as  to 
be  entirely  negligible.  In  such  cases,  the  osmosis  was  restricted 
to  the -passage  of  water  through  the  membrane.  If,  however, 
unidirectional  osmosis,  as  it  might  be  called,  is  possible  in  the 
case  of  colloidal  solutes,  might  it  not  be  possible  to  find  a  mem- 
brane which  would  act  in  the  same  way  with  regard  to  crystalloid 
solutes  ?  This  question  was  first  answered  by  Moritz  Traube  in 
1867. 

Inspired  by  the  experiments  of  Graham  and  guided  by  the 
knowledge  that  the  precipitate  produced  by  the  interaction  of  two 
colloids  is  also  a  colloid,  Traube  first  carried  out  experiments 
with  a  non-setting  glue  *  and  tannic  acid.  When  a  drop  of  con- 
centrated glue  solution,  carried  on  the  end  of  a  glass  rod,  was 
immersed  in  a  solution  of  tannic  acid,  a  precipitate  was  produced 
which  formed  a  coating  on  the  drop.  A  "  cell "  was  thus  ob- 
tained, and  with  such  cells  a  number  of  osmotic  phenomena  were 
studied.  The  precipitation  membrane  which  was  obtained  was 
found  to  be  impermeable  to  the  membrane-forming  substances, 
but  was  permeable  to  water.  It  was  also  found  to  be  permeable 
to  ammonium  chloride,  ammonium  sulphate,  sulphuric  acid, 
barium  nitrate ;  but  was  impermeable  to  potassium  ferrocyanide. 
This  glue-tannic  acid  membrane  was  the  first  case  known  of  an 
artificial  membrane  permeable  to  water  but  impermeable  to  a 
crystalloid. 

Other  precipitation  membranes  of  a  like  nature  were  also  pre- 
pared by  Traube,  e.g.  lead  tannate,  copper  tannate,  lead  silicate, 
copper  silicate,  tin  silicate,  copper  ferrocyanide,  and  ferric  ferro- 
cyanide. These  membranes,  it  was  found,  differed  in  their 

membrane  and  of  the  diffusing  colloid.  (See,  for  example,  Bechhold, 
Ztitschr.  physikal  Chem.,  1907,  60,  257  ;  1908,  64,  328.) 

*  This  was  obtained  by  boiling  glue  with  water  for  thirty  hours.  The 
liquid,  on  cooling,  did  not  gelatinize  except  when  the  solution  was  very  con- 
centratecj. 
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permeability  to  dissolved  crystalloids  ;  for,  while  the  glue-tannic 
acid  membrane  was  permeable  to  ammonium  sulphate  and  barium 
nitrate,  the  copper  ferrocyanide  membrane  was  impermeable  to 
these  salts.  The  membranes  were,  therefore,  selective  in  _thejr 
action. 

The  discovery  by  Traube  of  these  precipitation  membranes  was 
one  of  most  far-reaching  importance  for  the  quantitative  study  of 
osmosis.  The  importance  of  the  membranes  lay  in  the  fact  that, 
as  was  pointed  out  by  Traube,  they  made  it  possible  to  determine 
experimentally  the  value  of  the  "  force  "  producing  osmosis ;  a 
force  which  Traube  assigned  to  the  attraction  of  the  solute  for 
the  solvent  and  called  the  "  endosmotic  force  ".  So  long  as  one 
was  dealing  with  a  membrane  which  was  permeable  both  to  the 
solvent  and  to  the  solute  (as  in  the  experiments  of  Dutrochet 
and  Vierordt),  the  hydrostatic  pressure  obtained  depended  on  the 
relative  permeability  of  the  membrane  to  solvent  and  solute.  In 
proportion  as  the  membrane  becomes  relatively  less  permeable  to 
the  solute,  the  observed  hydrostatic  pressure  or  osmotic  pressure 
will  increase ;  and  it  will  attain  a  maximum  value  when  the 
membrane  is  quite  impermeable  to  the  solute  while  still  permeable 
to  the  solvent.  Such  a  membrane  which  is  permeable  to  only 
one  component  of  a  binary  solution  was  afterwards  called  by 
van't  Hoff  a  semi-permeable  membrane? 

For  the  application  of  osmotic  phenomena  to  the  quantitative 
treatment  of  the  properties  of  solutions,  it  is  evident  that  the 
conception  of  a  semi-permeable  membrane  is  of  supreme  im- 
portance; for  it  is  clear  that  the  term  "osmotic  pressure  of  a 
solution "  will  have  a  definite  meaning  and  value,  independent 
of  the  nature  of  the  membrane,  only  when  regarded  as  measured 
by  the  maximum  pressure  obtainable  with  a  perfectly  semi- 
permeable  membrane. 

The  osmotic  pressure  of  a  solution,  therefore,  in  the  sense 
indicated  and  in  which  we  shall  employ  it  here,  may  be  defined 
as  the  equivalent  of  the  hydrostatic  pressure  produced  when  the 
solution  and  solvent  are  separated  by  a  perfectly  semi-permeable 
membrane ;  or  as  the  equivalent  of  the  excess  pressure  which 
must  be  imposed  on  a  solution  in  order  to  prevent  the  passage 
into  it  of  solvent  through  a  perfectly  semi-permeable  membrane. 
We  may  also,  with  A.  W.  Porter,7  define  it  as  "  the  equilibrium 
difference  of  pressure  between  a  solution  and  the  pure  solvent 
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when  separated  by  a  membrane  permeable  to  the  solvent 
alone  ".* 

The  question,  of  course,  arises :  Can  such  semi-permeable 
membranes  as  have  been  postulated  here,  be  realized?  It  has 
been  asserted  by  not  a  few  chemists  and  physicists,  e.g.  Naccari,9 
Walden,10  Tammann,11  Meerburg,12  Quincke,13  Kahlenberg,14 
Ponsot,15  that  there  is  no  membrane  which  is  absolutely  im- 
permeable to  the  solute ;  no  membrane  which  is  perfectly  semi- 
permeable.  To  such  an  assertion  a  philosophic  assent  must,  of 
course,  be  given.  But,  in  experimental  science,  the  absolute  is 
defined  merely  by  the  limits  of  experimental  accuracy,  so  that  in 
determinations  of  the  osmotic  pressure  of  a  solution,  the  question 
of  whether  or  not  a  membrane  is  semi-permeable  is  one  which 
must  be  decided  by  experiment. 

The  first  membranes  found  apparently  to  possess  the  property 
of  semi-permeability  are  those  surrounding  animal  and  vegetable 
cells ;  and  with  these  many  valuable  experiments  were  carried 
out  by  biologists  such  as  de  Vries,16  Hamburger,17  and  others,  on 
the  relative  osmotic  pressures  of  different  solutions.  It  can, 
however,  scarcely  be  maintained  that  the  semi-permeable  character 
of  such  membranes  has  been  adequately  tested.  In  the  precipi- 
tation membrane  of  copper  ferrocyanide,  however,  which  has  been 
employed  extensively  in  the  direct  measurement  of  osmotic 
pressures,  more  especially  of  solutions  of  cane  sugar,  we  have  a 
membrane  which  appears  to  be,  for  these  solutions  at  least,  truly 
semi-permeable.  This  has  been  shown  most  convincingly  by 

*  In  view  of  the  misunderstandings  and  confusion  of  thought  to  which  the 
use  of  the  expression  u  osmotic  pressure  of  a  solution  "  has  given  rise,  it  may 
be  emphasized  here  that  the  expression  is,  strictly  speaking,  incorrect.  A 
solution  does  not,  in  itself,  have  any  osmotic  pressure  ;  and  the  term  is  used, 
in  a  somewhat  loose  manner  certainly,  to  denote  the  hydrostatic  or  mechanical 
pressure  which  would  be  produced  if  the  solution  were  separated  from  the 
pure  solvent  by  a  membrane  or  septum  which  is  permeable  only  to  the  solvent. 
Recognition  of  this  will  prevent  the  confusion  of  thought  which  in  the  past 
prompted  the  objection  that  osmotic  pressure  acts  in  the  wrong  way,  in  that 
it  causes  a  diffusion  or  osmosis  from  systems  of  lower  to  those  of  higher 
osmotic  pressure.8  It  is  osmosis  that  produces  the  osmotic  pressure,  not 
osmotic  pressure  which  produces  osmosis.  Nernst,  it  is  true  (Theor.  C/tem., 
English  trans.,  revised  by  Tizard,  p.  152),  identifies  the  osmotic  pressure  with 
the  expansive  force  which  brings  about  diffusion  ;  but  it  does  not  seem  to  the 
writer  to  be  wise  to  use  these  two  terms  synonymously,  although  the  "ex- 
pansive force  "  can,  of  course,  be  measured  by  the  osmotic  pressure. 
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Morse 18  in  connexion  with  his  experiments  on  the  osmotic 
pressure  of  cane-sugar  solutions.  For  the  space  of  sixty  days, 
at  the  temperature  of  1 5°,  a  membrane  of  copper  ferrocyanide 
maintained  a  pressure  of  over  12  atmospheres,  without  sign_of 
leak.  While,  therefore,  the  truly  semi-permeable  character  of 
the  copper  ferrocyanide  membrane  towards  solutions  of  cane 
sugar  may  now  be  regarded  as  proved  (up  to  pressures  of  12 
atmospheres),  it  must  be  remembered  that  the  property  of  semi- 
permeability  is  a  specific  and  not  an  universal  one. 

Early  Quantitative  Measurements  of  Osmotic  Pressure. 

Although  the  discovery  of  semi-permeable  precipitation  mem- 
branes by  M.  Traube  made  it  possible,  in  principle,  to  determine 
quantitatively  the  value  of  the  osmotic  pressure  of  a  solution,  a 
practical  difficulty  had  still  to  be  overcome.  The  membranes 
obtained  by  Traube  were  much  too  fragile  to  withstand  the 
pressures  produced  with  any  but  the  most  dilute  solutions, 
and  were,  indeed,  employed  by  Traube  merely  for  comparative 
measurements.  To  overcome  this  practical  difficulty,  W.  Pfeffer 19 
introduced  the  device  of  forming  the  membrane  in  the  wall  of 
porous  earthenware  pots,  whereby  measurements  of  osmotic 
pressure  amounting  to  several  atmospheres  were  rendered 
practicable. 

The  apparatus  used  by  Pfeffer  was  of  a  simple  character.  It 
consisted  of  a  small  cylindrical  pot  of  porous  ware  in  the  walls 
of  which  a  precipitate  of  copper  ferrocyanide  was  allowed  to  form 
by  diffusion  of  solutions  of  copper  sulphate  and  potassium  ferro- 
cyanide from  opposite  sides  of  the  cell  walls.  By  means  of  a  suit- 
able collar  this  pot  was  connected  with  a  closed  manometer  ;  and 
a  tube  was  also  provided  to  allow  of  the  cell  being  filled  with  the 
solution,  the  osmotic  pressure  of  which  was  to  be  determined. 
With  this  apparatus  Pfeffer  carried  out  a  considerable  number  of 
osmotic  pressure  determinations,  and  although  a  number  of  pre- 
cautions, which  have  since  been  found  to  be  necessary  to  secure 
accuracy,  were  not  adopted,  these  measurements  were  the  first, 
and  for  a  long  time  remained  the  only  quantitative  determinations 
of  osmotic  pressure.  As  such  they  played  a  most  important  part 
in  the  history  of  solutions. 

The  results  of  the  classical  experiments  of  Pfeffer  are  familiar 
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to  all,  and  the  following  values  of  the  osmotic  pressure  of 
solutions  of  cane  sugar  are  given  merely  for  convenience  of  refer- 
ence : — 

TABLE  I. — OSMOTIC  PRESSURE  OF  SOLUTIONS   OF   CANE  SUGAR  AT  TEMPERA- 
TURES BETWEEN  13-2°  AND  l6'I°. 


Grams  of  Cane  Sugar 
in  100  c.c.  of  Water. 

Pressure  in 
cm.  of  Mercury. 

Pressure 

Concentration. 

I 

53-8 

53'8 

2 

ior6 

50-8 

4 

208-2 

52-1 

6 

307-5 

These  determinations  showed  that  the  osmotic  pressure  in- 
creases with  the  concentration  of  the  solution,  and  indicated  that 
the  pressure  was  proportional  to  the  concentration. 

Moreover,  the  osmotic  pressure  was  found  to  increase  with 
rise  of  temperature,  the  values  for  a  i  per  cent  solution  of  cane 
sugar  (i  gram  in  100  grams  of  water)  being  as  follows  : — 

TABLE  II. 

Osmotic 
Temperature.  Pressure. 

6-8°  50-5  cm.  Hg 

137°  52!5 

14-2°  51-0 

22-0°  54'8 

32-0°  54'4 

36-0°  567 

Although  direct  measurements  of  osmotic  pressures  were 
made  at  a  later  time  by  Ladenburg,20  Adie,21  Tammann,22 
Naccari,23  and  Ponsot,15  the  results  obtained  served  merely  to 
confirm  those  obtained  by  PfefTer ;  and  it  is  only  in  recent  years 
that  the  accuracy  of  experiment  and  the  range  of  investigation 
have  been  markedly  increased  and  extended.  These  recent  ex- 
periments and  results  will  be  described  and  discussed  in  the 
sequel  (Chap.  III).  Reference  may  also  be  made  to  the  experi- 
ments of  P.  S.  Barlow,24  and  to  those  of  E.  Fouard.26 


CHAPTER  II. 

VAN'T  HOFF'S  THEORY  OF  DILUTE  SOLUTIONS. 

ALTHOUGH  many  osmotic  investigations  have  been  carried  out  in 
recent  years  in  connexion  with  problems  of  biological  importance,26 
the  central  point  of  interest  in  the  quantitative  study  of  osmotic 
pressure  lies  indubitably  in  the  theory  of  solutions  propounded  by 
van't  Hoff6  in  1885.  Previous  to  this  time,  van't  Hoffhad  been 
engaged  in  the  study  of  chemical  equilibria,  with  a  view  to  ob- 
taining a  quantitative  expression  for  chemical  affinity  ;  and  he 
had  been  led  by  these  studies  to  recognize  that  the  quantitative 
properties  of  gases  are  found  in  other  systems,  provided  the 
matter  in  them  is  in  an  attenuated  state.*  In  his  own  words6 
we  read  :  "  In  the  course  of  an  investigation  which  had  as  its  chief 
object  a  knowledge  of  the  laws  of  chemical  equilibrium  in  solu- 
tions, it  became  gradually  apparent  that  there  is  a  profound 
analogy,  indeed  almost  an  identity,  between  them  and  gases,  more 
especially  also  in  physical  properties,  provided  that  for  the  or- 
dinary pressure  of  gases  one  substitutes,  in  the  case  of  solutions, 
the  so-called  osmotic  pressure". 

It  is  not  merely  in  the  recognition  of  this  analogy  (which  had 
indeed  been  recognized  apparently  by  Gay-Lussac  27)  but  more 
especially  in  the  recognition  of  the  fact  that  the  conception  of 

*  An  account  of  the  genesis  of  the  theory  of  dilute  solutions  has  been  given 
by  van't  Hoff  himself  (Berichte^  1894,  27,  i).  For  dilute  gas  systems,  van't  Hoff 

had  already  deduced  the  expression  —  Jjf      =     C^,  and  he  had  then  turned 


his  attention  to  dilute  solutions.  While  his  mind  was  engaged  with  this  prob- 
lem, with  the  problem,  that  is,  of  determining  the  maximum  amount  of  work 
to  be  obtained  by  the  addition  of  pure  solvent  to  a  solution,  he  was  made 
acquainted  by  de  Vries  with  the  osmotic  experiments  of  Pfeffer,  and  he  re- 
cognized, as  indeed  M.  Traube  had  recognized  before  him,  that  such  determina- 
tions of  osmotic  pressure  with  the  aid  of  semi-permeable  membranes,  afford  a 
method  by  which  the  "  water-attraction  "  of  the  solute  could  be  measured  ; 
and  he  then  applied  the  conceptions  of  semi-permeable  membranes  and 
osmotic  pressure  to  the  deduction  of  the  quantitative  laws  of  dilute  solutions. 
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osmotic  pressure  and  of  semi-permeable  membranes  allows  solu- 
tions to  be  treated  in  a  manner  very  similar  to  gases ;  and  more 
especially  allows  of  the  second  law  of  thermodynamics  being 
applied  with  conspicuous  ease  and  clearness  to  the  theoretical  in- 
vestigation of  the  quantitative  relations  between  the  properties  of 
solutions  and  their  concentration,  that  the  genius  of  van't  Hoff 
becomes  apparent. 

The  quantitative  measurements  of  osmotic  pressure,  more 
especially  of  solutions  of  cane  sugar,  which  had  been  carried  out 
by  Pfeffer,  had  pointed  to  the  fact  that  the  osmotic  pressure  is  pro- 
portional to  the  concentration  of  the  solution.  On  the  kinetic 
explanation  of  osmotic  pressure,  the  theoretical  proof  of  this  pro- 
portionality takes  precisely  the  same  form  as  in  the  case  of  gases. 
If,  on  the  other  hand,  osmotic  pressure  be  regarded  as  the  outcome 
of  an  attraction  between  solvent  and  solute  molecules,  its  value 
will,  evidently,  also  be  proportional  to  the  number  of  attracting 
molecules  in  unit  volume,  provided  (and  this  is  taken  for  granted 
in  sufficiently  dilute  solutions)  the  dissolved  molecules  exercise 
no  attraction  on  each  other,  and  that  each  one  exerts  its  own 
special  attractive  action,  uninfluenced  by  its  neighbours.6 

By  the  method  of  Carnot's  thermodynamic  cycle  and  by 
employing  the  conception  of  a  perfectly  semi-permeable  mem- 
brane, van't  Hoff  deduced  that  the  osmotic  pressure  must  also 
be  proportional  to  the  absolute  temperature.*  In  making  this 
deduction,  however,  the  important  assumption  was  made  that  the 
solution  was  so  dilute  that  the  heat  effect  on  further  dilution  is 
negligible.  This  theoretical  deduction  was  borne  out  by  the  ex- 
perimental determinations  of  Pfeffer  (p.  6).  Thus,  Pfeffer  found 
that  at  14*2°  the  osmotic  pressure  of  a  I  per  cent  solution  of 
cane  sugar  is  5 1  'O  cm.  ;  and  if  the  law  just  stated  is  true,  the 
osmotic  pressure  of  the  same  solution  at,  say,  32°,  should  be 
54-15  cm.  Pfeffer  found  the  value  54-4  cm.  Similarly,  at  137° 
the  osmotic  pressure  was  found  to  be  52-5  cm.,  and  at  36°  the 
pressure,  according  to  the  above  law,  should  be  56*6  cm.  The 
value  found  by  Pfeffer  was  567  cm. 

Since,  therefore,  the  osmotic  pressure  of  dilute  solutions  is 

*This  deduction  will  be  found  in  the  ordinary  text-books  on  Physical 
Chemistry,  and  more  especially  in  van't  Hofif 's  Lectures  on  Theoretical 
Chemistry. 
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proportional  to  the  concentration,  or  inversely  proportional  to  the 
volume  of  the  solution  ;  and  since,  also,  the  pressure  is  propor- 
tional to  the  absolute  temperature,  we  can  write  PV  =  K.T,  an 
expression  analogous  to  that  found  to  express  the  behaviour^  of 
perfect  gases. 

But  a  step  farther  was  taken  by  van't  Hoff.  By  the  applica- 
tion of  thermodynamics  to  the  case  of  a  gaseous  solute,  and  by 
postulating  the  existence  of  semi-permeable  membranes,  one  of 
which  is  permeable  only  to  the  gaseous  solute,  while  the  other  is 
permeable  only  to  the  solvent,  van't  Hoff  deduced  the  important 
generalization  that  the  osmotic  pressure  of  a  solution  is  equal  to  the 
pressure  which  the  dissolved  substance  would  exercise  in  the  gaseous 
state  if  it  occupied  a  volume  equal  to  the  volume  of  the  solution.  In 
other  words,  the  theorem  of  Avogadro  applies  also  to  dilute 
solutions.  The  same  law  was  also  deduced  at  a  later  time  by 
Lord  Rayleigh.28  This  deduction,  however,  is  valid,  in  the  first 
instance  only  in  the  case  of  infinitely  dilute  solutions,  and  in  the 
case  of  gaseous  solutes  which  obey  Henry's  law,  i.e.  which  exist 
in  the  same  molecular  state  as  a  gas  as  in  solution ;  and  it  in- 
volves also  the  assumption  that  the  vapour  of  the  solvent  obeys 
the  gas  laws.  By  reason,  however,  of  the  fact  that  the  analogy 
between  dilute  solutions  and  gases  extends  to  the  laws  of  Boyle 
and  of  Gay-Lussac,  the  possibility  immediately  suggested  itself 
that  Avogadro's  theorem  would  apply  not  only  in  the  case  of 
gaseous,  but  also  in  the  case  of  other  solutes ;  and  that  therefore 
the  value  of  the  constant  K  in  the  osmotic  equation  PV  «=  K.T, 
would  have  the  same  numerical  value  as  the  constant  R  of  the 
gas  equation.  This  remarkable  and  unexpected  deduction  found 
confirmation  in  the  determinations  of  osmotic  pressure  by  Pfeffer, 
as  well  as  in  the  indirect  determinations  of  osmotic  pressure  which 
had  already  been  carried  out  by  de  Vries  16  and  by  Raoult.29 

Just  as  the  expression  ?—  —  R  represents,  in  the  case  of  gases, 

the  work  done  in  moving  a  piston  through  the  gram-molecular 
volume  v  under  a  pressure/  and  at  the  absolute  temperature  T, 
so  the  analogous  expression  in  the  case  of  a  dilute  solution  re- 
presents the  work  done  in  separating  from  the  solution  at  the 
temperature  T  the  gram-molecular  volume  V  of  the  solvent 
against  the  opposing  osmotic  pressure  P. 

It  must  again  be  emphasized  that  the  theory  of  solutions 
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"D  T* 

which  finds  its  expression  in  the  equation  P«!? ,  where  n  is 

the  number  of  gram-molecules  of  solute  in  the  volume  V  of  solu- 
tion, was  put  forward  by  van't  Hoff  explicitly  as  expressing  the 
quantitative  relationships  only  in  the  case  of  infinitely  dilute  solu- 
tions ;  for  only  in  the  case  of  such  solutions  are  the  assumptions 
valid  which  were  made  in  the  thermodynamic  deduction.  It  was, 
however,  as  van't  Hoff80  has  remarked,  a  fortunate  chance  that  the 
disability  under  which  the  theory  thus  laboured  was  not  felt  too 
sorely,  on  account  of  the  fact  that  in  the  chief  applications  of  the 
theory,  its  applications,  namely,  to  the  determination  of  molecular 
weights  and  to  the  investigation  of  physiological  problems,  the 
errors  involved  were  not  sufficiently  great,  or  the  solutions  dealt 
with  were,  in  any  case,  sufficiently  dilute.  It  may,  however,  also 
be  argued  that  it  was  just  this  fact,  combined,  no  doubt,  with  the  ex- 
traordinary simplicity  of  the  theory,  which  led  to  a  too  extended 
application  of  the  theory  and  to  many  false  deductions  being 
drawn  regarding  the  constitution  of  solutions  ;  while,  doubtless, 
it  also  delayed  the  experimental  study  and  dulled  the  appreciation 
of  the  mathematical  investigation  of  concentrated  solutions. 

It  should  be  borne  in  mind  that  the  term  "  osmotic  pressure  " 
as  used  by  van't  Hoff  represents  the  maximum  limiting  pressure 
which  would  be  obtained  with  a  perfectly  semi-permeable  mem- 
brane, and  this  is  the  only  sense  in  which  the  term  should  be 
used  when  discussing  the  quantitative  theories  of  solutions.* 
Granted  a  perfectly  semi-permeable  membrane,  however,  the 
laws  of  osmotic  pressure  deduced  by  van't  Hoff  are  quite  inde- 
pendent of  the  nature  of  the  semi-permeable  membrane  and  of  the 
process  by  which  the  osmotic  pressure  is  produced.  It  is  quite 
true  that  van't  Hoff,  in  view  of  the  analogy  with  gases,  con- 
sidered that  osmotic  pressure  could  most  plausibly  be  explained 
as  due  to  the  bombardment  of  the  membrane  by  the  solute 

*  The  experimental  values  of  osmotic  pressure  will  differ  more  or  less 
from  this  theoretical  value,  according  as  the  membrane  is  more  or  less  per- 
meable to  the  solute  ;  that  is,  according  to  the  degree  to  which  the  membrane 
deviates  from  semi-permeability.  Failure  to  recognize  this,  and  the  use  of 
the  term  "  osmotic  pressure  "  to  signify  both  the  theoretical  osmotic  pressure 
deduced  on  the  basis  of  thermodynamics,  and  the  experimental  osmotic 
pressure  which  varies  with  the  membrane  employed  and  is  not  an  equilibrium 
pressure,  have  led  to  much  confusion.  (See  remarks  by  A.  Findlay  and  by 
W.  C.  D.  Whetham,  Trans.  Faraday  Soc.,  1907,  3,  30,  34.) 
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molecules,  but  he  also  recognized  that  it  might  be  attributed  to 
the  attraction  between  solvent  and  solute.  Of  the  cause  and 
mechanism  of  the  production  of  osmotic  pressure,  the  van't 
H off  theory  is  quite  independent.  Further,  as  has  been  pointed 
out  by  Larmor,31  the  principles  of  thermodynamics  necessitate 
the  osmotic  laws  even  when  there  is  a  formation  of  complexes 
between  solvent  and  solute,  "  provided  the  solution  is  so  dilute 
that  each  such  complex  is  for  very  much  the  greater  part  of  the 
time  out  of  range  of  the  influence  of  the  other  complexes  ". 


CHAPTER  IIL 

DIRECT  DETERMINATION  OF  THE  OSMOTIC  PRESSURE  OF  CON- 
CENTRATED SOLUTIONS. 

As  the  first  to  carry  out  direct  quantitative  determinations  of  the 
osmotic  pressure  of  solutions,  W.  PfefTer  will  always  be  honoured. 
The  precipitation  membranes  previously  obtained  by  M.  Traube, 
which  rendered  such  measurements  possible,  were  much  too 
fragile  to  withstand  the  pressures  produced  with  any  but  the 
most  dilute  solutions ;  and  it  is  to  Pfeffer  that  we  owe  the  device 
of  forming  the  membrane  in  the  wall  of  porous  earthenware  pots, 
whereby  measurements  of  osmotic  pressure  amounting  to  several 
atmospheres  were  rendered  practicable.  As  is  well  known,  a 
considerable  number  of  such  measurements  were  carried  out  by 
Pfeffer,  and  these  afforded  valuable  confirmation  of  the  theory 
of  van't  Hoff.  The  experiments  of  Pfeffer,  even  when  supported 
by  the  indirect  measurements  of  osmotic  pressure  available  at 
that  time,  were,  however,  too  few  in  number  and  insufficient  in 
accuracy  and  in  the  extent  of  concentration  covered,  to  yield  a 
satisfactory  experimental  control  of  the  deductive  theory,  or  to 
define  the  limits  of  concentration  within  which  such  theory  could, 
in  any  given  case,  claim  validity.  It  was  therefore  of  the  great- 
est importance  that  further  measurements  of  a  more  extended 
and  exact  character  should  be  carried  out. 

As  will  be  pointed  out  later,  determinations  of  the  osmotic 
pressure  of  concentrated  solutions  can  also  be  carried  out  by 
indirect  methods,  and,  owing  to  the  difficulty  of  obtaining 
membranes  which  are  truly  semi-permeable  for  a  wide  range  of 
solutions,  the  indirect  methods  may  in  many  cases  be  the  most 
satisfactory.  In  view,  however,  of  the  historical  development 
of  the  theory  of  solutions  and  of  the  r61e  which  the  conception 
of  osmotic  pressure  has  played  in  that  development,  direct 
measurements  of  the  pressure  possess  a  large  amount  of  interest. 
Although  such  measurements  are  surrounded  by  great  difficulties, 
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these  difficulties  have,  during  the  past  ten  or  fifteen  years,  been 
so  far  surmounted  that  the  direct  measurement  of  osmotic  pres- 
sure can  now  be  carried  out  with  a  high  degree  of  accuracy. 
The  success  which  has  been  achieved  in  this  direction  is  due 
chiefly  to  the  most  painstaking  care  and  ingenuity  of  ~Hr  N. 
Morse 32  (assisted  by  various  co-workers)  in  America,  and  of  the 
Earl  of  Berkeley  and  E.  G.  J.  Hartley33  in  England.  The 
work  of  these  investigators  merits  somewhat  fuller  discussion. 

We  shall  consider,  in  the  first  place,  the  experimental  work 
of  H.  N.  Morse  and  his  collaborators  who,  during  a  protracted 
course  of  investigation  so  perfected  the  experimental  method 
introduced  by  Pfeffer,  that  direct  determinations  of  osmotic  pres- 
sures of  nearly  30  atmospheres  have  been  carried  out  by  them 
with  a  considerable  degree  of  accuracy.  More  recently  J.  C.  W. 
Frazer  and  R.  T.  Myrick,8*  using  a  similar  method,  have  mea- 
sured pressures  up  to  250  atmospheres. 

As  we  have  indicated,  the  apparatus  employed  is,  in  prin- 
ciple, the  same  as  that  used  by  Pfeffer,  and  consists,  therefore, 
of  a  pot  or  cell  of  porous  ware  on  the  walls  of  which  the  semi- 
permeable  membrane  of  copper  ferrocyanide  was  formed.  To 
the  mouth  of  the  pot  was  attached  a  closed  manometer  of  capil- 
lary tubing,  by  which  the  pressure  produced  could  be  determined. 
In  detail,  however,  the  apparatus  differs  considerably  from  that 
used  by  Pfeffer ;  and  it  is  to  the  perfecting  of  the  details  of 
the  apparatus  and  method  of  manipulation,  that  the  success 
of  Morse  and  his  collaborators  is  due.  Improvement  of  the 
material  and  construction  of  the  pots,  of  the  manometer  tube  and 
the  manner  of  its  attachment  to  the  pot,  as  well  as  increased 
accuracy  of  temperature  regulation,  are  some  of  the  more  impor- 
tant factors  in  the  successful  determination  of  osmotic  pressures 
by  this  method. 

Morse's  Apparatus. 

Although  the  experimental  method  adopted  by  the  American 
investigators  was  essentially  that  introduced  by  Pfeffer,  the 
apparatus  has  undergone  extensive  modification  and  improve- 
ment. The  first  of  what  we  may  call  the  final  forms  of  apparatus 
employed  by  Morse  and  his  collaborators,35  is  represented,  in 
section,  in  Figure  i. 

The  porous  pot,  prepared  in  the  manner  to  be  described  later, 
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is  closed  by  means  of  a  conical  brass  plug  (4)  over  which  a  rubber 


FIG.  i. 


tube  (12)  has  been  passed.     To  prevent  distortion  of  this  rubber 
under  pressure,  it  is  tightly  wound  with  twisted  shoemakers'  thread 
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(13,  14).  The  brass  cone  is  firmly  fixed  in  position  by  means 
of  a  brass  collar  (i)  and  a  brass  nut  (2),  the  glaze  on  the  cell 
being  protected  by  means  of  a  lead  washer  (3).  The  brass  cone 

(4)  has  two  holes  passing  entirely  through  it,  one  for  the  glass^tube 

(5)  to  which  the  manometer  is  afterwards  sealed,  and  the  other 
for  a  hollow  needle  (6).     The  glass  tube  and  needle  are  fastened 
securely  in  the  cone  by  means  of  Wood's  metal  (7).     The  hollow 
needle  is  nickel-plated  and  is  brazed  into  the  brass  piece  (8), 
which  is  bored  out  larger  and  threaded  internally  at  the  upper 
end  to  fit  the  closing  plug  (9).     The  upper  end  of  (8)  and  the 
lower  end  of  (9)  are  made  concave  in  form,  and  between  them  is 
placed  grease-filled  leather  packing  (10).     The  concave  form  of 
these  two  surfaces  is  essential,  since  it  effectually  prevents  any 
outward  lateral  movement  on  the  part  of  the  packing,  and  gives 
a   tight  joint  under  the   highest  pressures.      After  fixing  the 
needle  and  the  glass  tube  in  their  places  by  means  of  the  fusible 
metal,  the  brass  cone  is  extended  by  the  Wood's  metal,  as  shown 
at(ii).     This  extension  is  for  the  purpose  of  covering  and  pro- 
tecting the  lower  portion  of  the  needle  tube. 

The  Hollow  Needle. — The  purpose  of  the  hollow  needle,  to 
which  reference  was  made  above,  is  to  facilitate  the  closing  of  the 
cell  at  the  beginning,  and  the  opening  of  it  at  the  end  of  an  ex- 
periment. When  closing  the  cell,  the  solution  escapes  through 
the  hollow  needle,  and  the  outflow  can  be  stopped  at  any  moment 
by  means  of  the  screw  plug  (9).  This  is  of  advantage,  as  it  is 
important  to  arrange  that  the  mechanical  pressure  imposed  on  the 
solution  by  the  closing  of  the  cell  should  be  nearly  equal  to  the 
osmotic  pressure,  so  as  to  avoid  any  appreciable  dilution  or  con- 
centration of  the  cell  contents  during  the  measurement.  When 
opening  the  cell,  air  passes  in  through  the  needle  and  so  facilitates 
removal  of  the  stopper. 

The  Manometers™  employed  were  U-shaped,  and  closed. 
They  were  filled  with  nitrogen  and  carefully  calibrated.  To  pro- 
tect them  as  far  as  possible  from  the  danger  of  being  broken,  the 
manometers  were  not  attached  direct  to  the  brass  plugs  by  which 
the  cells  were  closed,  but  were  sealed,  as  occasion  required,  to 
short  pieces  of  tubing  of  the  same  kind  which  were  fixed  in  the 
brass  cones,  as  described  previously. 

Although  the  above  form  of  apparatus  was  found  to  be 
satisfactory  for  temperatures  up  to  60°,  defects  are  developed 


1 6  OSMO  TIC  PRESSURE 

at  higher  temperatures.  "  Leaks  appear,  due  to  the  increasing 
difference  between  the  expansion  coefficients  of  brass,  glass,  and 
the  fusible  metal ;  the  alloy  attacks  the  brazing  or  solder  used  in 
attaching  the  hollow  needle  to  the  brass  piece ;  the  glass  of  the 
manometers  becoming  brittle  after  continued  use  at  high  tem- 
peratures, it  is  difficult  to  fuse  them  on  the  glass  tubes  which 
pass  through  the  cones  ; 'finally,  at  high  temperatures,  the  rubber, 
used  between  the  brass  cone  and  the  neck  of  the  cell,  also 
becomes  brittle  and  liable  to  crack." 37  Other  forms  of  mano- 
meter attachment  were  therefore  devised  for  use,  more  especially 
at  higher  temperatures  and  with  electrolytes.  These  modifica- 
tions are  shown  in  Figures  2  to  7.  "  In  Figure  2,  the  cone  (#), 
which  closes  the  neck  of  the  cell  (A),  is  turned  on  the  lower  end 
of  the  brass  tube  (B).  At  (£)  there  is  a  vent  for  the  escape  of  air 
and  any  excess  of  solution.  The  usual  collar  and  nut  for  fixing 
the  manometer  in  the  cell  and  for  adjusting  the  pressure  are  seen 
at  (<r)  and  (d).  The  manometer  (C)  is  held  tightly  in  its  place  in 
the  tube  (B)  by  packing  which  is  compressed  between  the  rings 
(e,  e).  The  form  of  the  rings  is  such  as  to  force  the  material  of 
the  packing  in  both  of  the  lateral  directions — on  the  one  side 
toward  the  manometer,  and  on  the  other  side  toward  the  wall  of 
the  brass  tube.  The  compression  is  effected  by  means  of  the 
hollow  nut  (/).  The  brass  ring  (g\  which  serves  as  a  « follower,' 
is  made  of  any  required  length.  A  rubber  tube  is  slipped  over 
the  cone  (a)  and  tied  above  and  below  the  neck  of  the  cell  in 
exactly  the  same  manner  as  in  the  apparatus  shown  in  Figure  I. 
The  reason  for  the  concave  form  of  the  surfaces  between  which 
the  packing  of  the  vent  (&)  is  compressed  has  already  been  ex- 
plained (p.  15).  The  packing  between  the  rings  (e,  e)  usually 
consists  of  alternate  discs  of  leather  and  thin  rubber,  one  of  the 
rubber  discs  being  placed  below  the  lower  ring,  i.e.  between  it 
and  its  '  seat ' .  The  seat  and  the  under  side  of  the  lower  ring 
are  grooved  to  prevent  too  much  lateral  movement  on  the  part 
of  the  rubber  between  them  in  the  direction  of  the  manometer ; 
otherwise  the  greater  part  of  the  material  of  this  lower  disc  would 
be  crowded  into  the  cavity  below  the  ring.  All  brass  surfaces 
which  are  exposed  to  the  liquid  contents  of  the  cell  are  plated 
with  nickel,  silver,  or  gold,  according  to  the  character  of  the 
solutions  whose  pressure  is  to  be  determined. 

"  The  arrangement  shown  in  Figure  2  has  two  great  advan- 
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tages  over  that  presented  in  Figure  I.  The  use  of  fusible  metal 
is  avoided,  and,  if  the  right  kind  of  packing  is  used,  it  is  not 
necessary  at  any  time  to  separate  the  calibrated  end  of  the 
manometer  from  the  end  entering  the  cell,  since  the  manometer 
is  always  sufficiently  released  by  unscrewing  the  nut  (/)  to 
permit  of  its  easy  withdrawal  from  the  tube  (B).  It  also  does 
away  with  the  plated  steel  needle  (Figure  i,  6),  which  may  be 
corroded  if  the  solution  contains  an  electrolyte. 

"  In  the  apparatus  shown  in  Figure  3,  the  cone  (Figure  2, 
a,  a)  is  dispensed  with,  and  the  union  between  the  manometer 
attachment  and  the  cell  is  effected  by  means  of  the  brass  rings 
(a,  a,  a,  a)  and  the  packing  which  is  placed  between  them. 
The  packing  is  compressed  in  the  vertical  direction  and  made  to 
expand  horizontally  against  the  cell  on  the  one  side  and  the  brass 
tube  (b,  b)  on  the  other  by  the  sliding  piece  (c,  c).  The  collar 
(e,  e)  and  the  nut  (f,  /)  do  not  differ  essentially  from  the  corre- 
sponding pieces  seen  in  Figures  i  and  2.  The  vent  and  the 
arrangements  for  fixing  the  manometer  are  the  same  in  Figure  3 
as  in  Figure  2.  The  adjustment  of  pressure  within  the  cell  is 
effected  by  means  of  the  nut  (g,  g).  Turned  to  the  right,  it 
drives  the  tube  (£,  b),  and  with  it  the  manometer,  into  the  cell, 
increasing  the  pressure.  If  it  is  turned  to  the  left,  the  tube  and 
manometer  are  raised  and  the  pressure  diminished.  The  princi- 
pal advantages  of  the  arrangement  seen  in  Figure  3  over  that 
shown  in  Figure  2  are  in  the  better  means  of  adjusting  the 
pressure,  and  in  the  substitution  of  packing  for  rubber  tubing  in 
making  the  joint  with  the  cell. 

"  In  measuring  the  osmotic  pressure  of  electrolytes,  it  is  de- 
sirable to  avoid,  as  far  as  possible,  any  contact  of  the  solutions 
with  metallic  surfaces,  even  though  the  same  are  protected  by 
plating  with  the  more  resistant  metals.  The  covering  is  often 
imperfect  in  spots,  notwithstanding  the  care  which  is  taken  in 
the  plating.  Accordingly,  a  number  of  schemes  have  been  de- 
vised for  joining  the  manometer  and  the  cell,  in  which  the 
solution  comes  in  contact  only  with  glass  and  rubber. 

"  In  Figure  4,  the  hollow  glass  cone  (a)  serves  the  same 
purpose  as  the  brass  cones  seen  in  Figures  i  and  2.  It  is  set  in 
the  brass  piece  (b)  with,  litharge-glycerine  cement.  Its  use,  in 
connexion  with  the  usual  collar  (d)  and  nut  (<:),  is  apparent. 
The  cone,  like  those  in  Figures  i  and  2,  is  covered  with  rubber 
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tubing,  which  is  wound  and  tied  at  the  upper  and  lower  ends 
with  twisted  shoemakers'  thread.  The  side  tube  (e\  which  serves 
as  a  vent  for  the  escape  of  surplus  solution,  is  embedded  with 
cement  in  a  brass  tube,  which  is  threaded  externally  to  receive 
the  cap  (/).  The  packing  in  the  bottom  of  the  cap  closes  the 
vent.  It  will  be  seen  that  the  means  of  adjusting  pressure  within 
the  cell  is  the  same  in  all  three  of  the  instruments  represented 
in  Figures  I,  2,  and  4. 

"  Another  form  of  glass  cone  which  has  rendered  good  service 
is  seen  in  Figure  5.  The  cone,  which  is  made  of  a  solid  piece 
of  glass,  is  bored  excentrically  for  the  manometer  (a)  and  the 
vent  (U).  The  vent  is  closed  at  the  lower  end  by  the  rubber 
disc  (*?),  which  is  attached  to  and  controlled  by  a  platinum  rod 
running  through  the  hole  in  the  stopper.  The  upper  end  of 
the  rod  is  threaded  and  provided  with  a  nut,  as  seen  in  the 
Figure.  To  prevent  the  solution  which  escapes  through  the  vent 
from  coming  into  direct  contact  with  the  cement,  all  exposed 
parts  of  the  latter  are  painted  with  a  solution  of  rubber. 

"  Still  another  glass  device  for  attaching  the  manometer  to 
the  cell  is  seen  in  Figure  6.  It  was  designed  for  use  with  the 
form  of  cell  which  is  seen  in  Figure  3.  The  manometer  (a)  passes 
entirely  through  the  closed  tube  (£),  whose  outside  diameter  is 
only  a  little  less  than  the  interior  diameter  of  the  cell.  The 
means  for  compressing  the  packing  (ct  d,  e,  /,  and  g\  and  fixing 
the  large  tube  (U)  in  the  cell  do  not  differ  essentially  from  the 
analogous  parts  seen  in  Figure  3,  except  that  the  lower  ring  (e) 
is  made  of  porcelain,  in  order  that  the  solution  in  the  cell  may 
nowhere  come  in  contact  with  metal.  The  adjustment  of 
pressure  within  the  cell  is  effected  by  means  of  the  brass  piece 
(h\  which  is  fixed  in  its  place  with  cement  (*)  and  (/).  The 
vent  (k)  is  not  absolutely  necessary,  though  it  is  sometimes  a 
convenience.  Instead  of  opening  the  vent  when  it  is  desired  to 
lessen  the  pressure,  the  nut  (/)  may  be  turned  slightly  to  the  left. 

"  The  device  shown  in  Figure  7  is  a  substitute  for  that  seen 
in  Figure  6.  The  two  differ  only  in  that  the  large  tube  (ft)  is 
closed  at  both  ends  in  Figure  6,  while  it  is  open  at  the  top  in 
Figure  7.  The  latter  is  easier  to  make,  and  is  in  no  way  inferior 
to  the  closed  form."  37 

The  Cell. — That  the  character  of  the  semi-permeable  membrane 
and  the  constancy  of  the  pressure  developed,  depend  largely  on 
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the  nature  of  the  material  used  for  the  support  of  the  membrane, 
was  early  discovered  by  PfefTer ;  and  one  of  the  chief  sources  of 
trouble  in  connexion  with  the  direct  measurement  of  osmotic 
pressure  has  been  to  obtain  a  rigid  porous  material  on  which  a 
satisfactory  semi-permeable  membrane  could  be  deposited.  The 
magnitude  of  the  difficulty  is  apparent  from  the  statement  by 
Morse  and  Frazer38  that  out  of  500  cells  supplied  to  them  by  the 
potters,  not  one  was  found  satisfactory  for  the  deposition  of  an 
efficient  membrane. 

It  became,  therefore,  a  matter  of  urgent  importance  to 
ascertain  what  are  the  essential  properties  of  a  good  cell,  and 
thereafter  to  devise  methods  for  the  manufacture  of  such  cells. 
After  much  investigation,  both  problems  have  been  solved,  and 
the  porous  cells  are  now  made  by  Morse  and  his  co-workers 
themselves.39 

The  essential  properties  of  a  good  cell,  some  or  all  of  which 
were  wanting  in  the  porous  cells  of  commerce,  are  :— 

1.  Uniform  porosity  and  strength. 

2.  Absence  of  "air  blisters  ". 

3.  A  texture  of  such  fineness  that  the  semi-permeable  mem- 
brane is  deposited  on  the  inner  surface  of  the  pot. 

The  first  requisite  was  secured  by  using  mixtures  in  proper 
proportions  of  two  clays,  one  of  which  was  deficient  in  binding 
material,  while  the  other  was  over-rich  in  that  constituent. 
Material  of  uniform  fineness  of  grain  was  obtained  by  elutriation 
and  by  passing  the  clay  through  silk  bolting-cloth  having  from 
19,600  to  24,336  holes  to  the  square  inch.  The  clays  were  then 
very  carefully  mixed  and  sifted,  churned  with  water  and  filtered 
through  bolting-cloth.  The  excess  of  water  still  present  with  the 
clay  was  separated  by  filtration  through  bolting-cloth  resting  on 
paper,  or  by  electric  endosmose,  and  the  moist  clay  was  then  well 
kneaded  until,  through  evaporation  of  the  water,  it  had  attained 
the  requisite  consistency. 

To  secure  absence  of  "  air  blisters  "  and  the  necessary  fine- 
ness of  texture,  the  moist  clay  was  placed  in  a  steel  press  and 
subjected  to  a  pressure  of  about  20  tons  per  square  inch  of  sur- 
face of  the  clay  cylinder  for  fourteen  to  sixteen  hours,  the  excess 
water  draining  away  through  plates  of  porous,  hard-burned  clay 
or  of  asbestos.  The  cylinder  of  compact  clay  was  then  cut  and 
hollowed  on  a  lathe,  and  fired  carefully  in  an  electric  furnace. 
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After  being  baked,  the  end  of  the  cell  was  ground  and  flanged  so 
as  to  take  the  brass  collar  by  means  of  which  the  conical  plug, 
used  for  closing  the  cell,  was  afterwards  fixed  in  position.  The 
neck,  also,  of  the  cell  was  ground  to  the  exact  taper  of  the  brass 
plugs  to  be  employed.  The  ends  of  the  cells  were  then  glazed, 
both  externally  and  internally. 

The  Membrane. — Membranes  of  copper  ferrocyanide  were 
employed.  Their  production  is,  of  course,  an  all-important 
matter.  The  simple  method,  employed  by  PfefTer,  of  allowing 
solutions  of  copper  sulphate  and  potassium  ferrocyanide  to  diffuse 
from  opposite  sides  of  the  cell  wall,  does  not  yield  a  membrane 
of  sufficient  strength  to  withstand  the  higher  pressures  developed 
in  the  case  of  concentrated  solutions.  It  was  found,  however,  by 
Morse  and  Horn  40  that  the  quality  of  the  membrane  could  be 
greatly  improved  by  assisting  the  process  of  diffusion  by  the 
electrical  transport  of  the  ions.  The  method  adopted  was  there- 
fore as  follows  :  The  cell  was  filled  with  and  placed  in  a  dilute 
solution  (0-005  normal)  of  lithium  sulphate  and  an  electrical  current 
passed  between  platinum  electrodes  placed  inside  (kathode)  and 
outside  (anode)  the  cell.  By  this  means  a  streaming  of  the  liquid 
(electrical  endosmose)  was  caused  to  take  place,  whereby  the  air 
held  in  the  pores  of  the  cell  was  swept  out.  The  cell  was  then 
freed  from  salts  by  repeated  washing  with  distilled  water,  accom- 
panied by  electrolysis,  which  was  continued  until  the  conductivity 
of  pure  water  was  reached.  It  was  thereafter  *  filled  with  a  dilute 
solution  of  potassium  ferrocyanide  f  and  placed  in  a  solution  of 
copper  sulphate,  the  solutions  employed  being  about  O'Oi  weight 
normal.  A  current  of  electricity  is  then  passed  from  a  copper 
anode,  placed  in  the  solution  of  copper  sulphate,  to  a  platinum 
kathode  immersed  in  the  solution  of  ferrocyanide.  As  the  mem- 
brane forms  and  thickens,  the  resistance  increases  considerably  (up 
to  1000  or  1,000,000  ohms  according  to  the  temperature,  etc.),  but 
the  efficiency  of  the  membrane  cannot  be  gauged  entirely  by  the 

*  If  the  deposition  of  the  membrane  is  not  carried  out  immediately,  the 
cell  should  be  kept  till  required  in  water  to  which  has  been  added  a  little 
thymol  or  formaldehyde  (to  prevent  infection  by  the  spores  Qlpenicillium 
glaucum  or  similar  fungi  which  have  a  harmful  action  on  the  membrane), 
and  the  water  used  should  be  previously  sterilized  by  boiling. 

t  Since  it  has  been  found  that  potassium  salts  are  harmful  to  the  mem- 
brane, it  is  better  to  use  lithium  ferrocyanide  or  hydro- ferrocyanic  acid, 
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resistance.  Since  alkali  is  produced  in  the  ferrocyanide  solu- 
tion during  electrolysis,  the  ferrocyanide  solution  must  be  renewed 
from  time  to  time  to  prevent  the  harmful  action  of  the  alkali  on 
the  membrane.  The  cell  is  then  removed,  washed,  and  allowed 
to  soak  in  water  *  (to  which  thymol  has  been  added)  for  several 
days,  and  the  process  of  electrolysis  repeated,  until  the  maximum 
resistance  is  obtained. 

It  is  important  that  the  membrane  be  deposited  as  close  as 
possible  to  the  inner  surface  of  the  cell,  since  otherwise  inequal- 
ities in  the  concentration  of  the  solution  at  the  membrane  occur. 

After  it  has  been  formed  as  described  above,  the  membrane 
is  tested  by  determining  the  osmotic  pressure  developed  with  a 
sugar  solution.  The  membrane  is  again  subjected  to  the  above 
"  making  "  process,  and  again  tested  osmotically ;  and  this  pro- 
cedure is  continued  until  no  further  increase  in  osmotic  pressure 
is  obtained. 

It  is  of  importance  that  the  membrane  should  be  formed  and 
maintained,  when  not  in  use,  at  the  temperature  at  which  it  is  to 
be  employed.  Membranes  which  have  been  deposited  at  medium 
temperatures  cannot  be  employed  straightaway  for  measurements 
at  high  temperatures,  but  must  be  repeatedly  formed  and  "  trained  " 
at  a  series  of  short  temperature  intervals  in  ascending  order. 

For  the  efficient  action  of  the  membrane,  it  is  advisable  to 
add  to  the  liquids,  on  either  side  of  the  membrane,  a  small 
quantity  of  .the  membrane-forming  salts  in  osmotically  equivalent 
amounts.  Through  the  presence  of  these,  any  slight  ruptures 
which  might  occur  in  the  membrane  during  use  are  "  healed "  ; 
and  it  seems  also  that  when  they  are  absent  the  membrane  tends 
to  dissolve  and  to  allow  the  sugar  to  escape.33 

As  has  already  been  mentioned  (p.  4)  the  membrane  of 
copper  ferrocyanide  appears  to  be  truly  semi-permeable  to  aqueous 
solutions  of  cane  sugar.  The  difficulty,  however,  of  preparing 
membranes  sufficiently  impermeable  to  the  solute,  appears  to 
increase  as  the  molecular  weight  of  the  solute  diminishes,  so  that 
a  membrane  which  may  not  be  sensibly  permeable  to  cane  sugar 
may  allow  glucose 41  and  mannitol 33  to  pass. 

In  connexion  with  the  determinations  of  osmotic  pressure 

*  This  soaking  in  water  is  of  great  importance  as  tending,  probably,  to 
preserve  the  gelatinous,  colloidal  condition  of  the  membrane. 
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carried  out  by  Morse  and  his  collaborators,  it  may  be  said  that 
the  elimination  of  sources  of  error  has  proceeded  continuously  and 
the  accuracy  of  the  measurements  has  been  increased  progressively 
during  the  period  over  which  the  investigation  has  extended. 
More  especially  was  attention  paid  to  the  elimination  of  "-ther- 
mometer effects,"  by  the  very  careful  regulation  of  the  bath 
and  air  temperature ; 42  and  the  corrections  for  changes  in  the 
barometric  height  during  the  progress  of  an  experiment  (which 
may  extend  over  a  period  of  ten  days  or  more  although  equili- 
brium is,  in  some  cases,  attained  in  one  day  or  even  less)  have 
been  carefully  considered. 

Although  it  has  been  objected  by  Kahlenberg 43  that  the 
osmotic  pressure  measurements  carried  out  by  Morse  and  his  co- 
workers  must  be  defective  on  account  of  the  fact  that  the  solutions 
were  not  stirred,  and  that  therefore  the  layer  of  liquid  in  contact 
with  the  membrane  is  not  of  the  same  concentration  as  in  the 
body  of  the  solution,  Morse44  has  expressed  the  conviction  that 
failure  to  stir  the  contents  of  the  cell  does  not  invalidate  the 
results  obtained. 

In  the  following  Tables,  III  to  VI,  are  collected  the  results 
of  the  measurements  of  osmotic  pressure  so  far  carried  out  by 
Morse  and  his  collaborators.  In  connexion  with  these  attention 
must  be  drawn  to  the  fact,  to  which  reference  will  again  be  made 
later,  that  the  concentration  of  the  solutions  is  expressed  in  terms 
of  gram-molecules  of  solute  in  1000  grams  of  water  (weight- 
normal  concentration)  instead  of  in  terms  of  gram-molecules  of 
solute  in  1000  c.c.  of  solution  (volume-normal  concentration). 

TABLE  III. — MEAN  OSMOTIC  PRESSURE  OF  CANE  SUGAR  SOLUTIONS.43 


Weight- 

Mean  Osmotic  Pressure  in  Atmospheres  at 

normal 

Concen- 

tration. 

0° 

5° 

10° 

15° 

20° 

25° 

30° 

40° 

50° 

60° 

70° 

80° 

0-1 

(2-462) 

2-452 

2-498 

2'540 

2-590 

2-634 

2-474 

2-560 

2-637 

2*712 

_ 

_ 

O'2 

4723 

4-819 

4'893 

4-985 

5-064 

5-148 

5-044 

5-163 

5-279 

5-438 

— 

— 

0-3 

7-085 

7-198 

7*335 

7-476 

7-605 

7-729 

7*647 

7-834 

7-974 

8-140 

— 

— 

0-4 

9'443 

9-608 

9-790 

9-949 

10-137 

10*296 

10-295 

10-599 

10-724 

10-866 

— 

— 

0'5 

11-895 

I2-IOO 

12-297 

12*549 

12-748 

12-943 

12-978 

13*355 

13*504 

13-666 

13-991 

— 

0-6 

14-381 

14-605 

I4-855 

15  144 

I5-388 

15-625 

I5-7I3 

16-146 

16-314 

16-535 

16-820 

— 

0-7 

16-886 

17-206 

I7-503 

17-815 

I8-I28 

18-435 

18-499 

18-932 

19-202 

19-404 

19-568 

— 

0-8 

19-476 

19-822 

20-161 

20-535 

20-905 

21-254 

21-375 

21-806 

22-116 

22-327 

22-567 

23-062 

0-9 

22-118 

22-477 

22-884 

23-305 

23-717 

24-126 

24*226 

24-735 

25-123 

25-266 

25*562 

25-919 

I'O 

24-826 

25-280 

25-693 

26-189 

26-638 

27-053 

27-223 

27-701 

28-209 

28-367 

28-624 

28-818 
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TABLE  IV. — OSMOTIC  PRESSURE  OF  GLUCOSE  SOLUTIONS"  AT  30°,  40°,  AND  50°. 


*o  "o  'o  I  Temperature. 

0  0  0  1 

Weight-normal  Concentration. 

O'l. 

0'2. 

0-3- 

0-4. 

0-5. 

0-6. 

07- 

0-8. 

0-9. 

I'D. 

Mean  osmotic  pressure 
»»          »»          >» 
»          >»          11 

2-475 
2-553 
2-633 

4'950 

5-112 
5-275 

7-417 
7-664 
7-909 

9-885 
10-205 
10-531 

12-352 
12-756 
13-198 

I4-837 
I5-325 
15-808 

I7'327 
17-870 
18-446 

19-770 
20-411 
21-045 

22-282 
23-000 
23-649 

24-727 

25^33 
26-342 

Further  determinations,  of  a  preliminary  character,  were  also 
carried  out  at  lower  temperatures.  Although  the  results  obtained 
cannot  claim  the  same  accuracy  as  those  just  quoted,  they  are 
given  here  for  the  sake  of  completeness.47 


TABLE  V. — OSMOTIC  PRESSURE  OF  GLUCOSE  SOLUTIONS  (PRELIMINARY 
EXPERIMENTS). 


Mean  Osmotic  Pressures. 

Weight-normal 

Concentration. 

oto6°-o-38°. 

I0'00°-I0'40°. 

22°-25°. 

O'l 

2-40 

2*39 

2*40 

0-2 

4-67 

4-76 

477 

0-3 

7'°4 

7-11 

7-I5 

0-4 

934 

9-52 

9-68 

°*5 

11-69 

11-91 

10-04 

0-6 

14-12 

14-31 

I4-39 

0-7 

16-43 

16-70 

16-84 

0-8 

18-86 

19-05 

19-23 

0-9 

21-39 

21-39 

21-59 

I'O 

23-75 

23-80 

24-05 

Determinations  of  the  osmotic  pressure  of  mannitol  solutions 
at  10°,  20°,  30°,  and  40°  have  been  carried  out  by  Morse  and  his 
collaborators.48  Owing  to  the  smaller  solubility  of  mannitol,  the 
concentration  of  the  solutions  could  not  be  carried  beyond  O'5  to 
O'6  weight-normal. 
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TABLE  VI. — OSMOTIC  PRESSURE  OF  MANNITOL  SOLUTIONS. 


« 

§ 

a 

Weight-normal  Concentration. 

1 

E 

<u 

0*1. 

0'2. 

0-3. 

0-4. 

o'5- 

0-6. 

H 

10° 

Mean  osmotic  pressure 

2-314 

4-609 

6-940 

9-209 

11-613 

_ 

20° 

»>          »              >> 

2*395 

478l 

7-181 

9'57o 

11-960 

— 

30J 

»>           M              » 

2-467 

4*943 

7*430 

9-881 

12-345 

— 

40° 

)>                      »                              » 

2-557 

5-107 

7-664 

10-216 

12-804 

I5'3I9 

Determinations  by  Frazer  and  Myrick. 

In  extending  the  investigation  of  osmotic  pressure  to  solu- 
tions of  high  concentration,  J.  C.  W.  Frazer  and  R.  T.  Myrick34 
modified  considerably  the  apparatus  and  method  of  working 
introduced  by  Morse  and  his  co-workers.  The  clay  cell,  with 
its  semi-permeable  membrane  deposited  on,  or  in  the  pores  near 
its  outer  surface,  was  fastened  inside  a  hollow  bronze  cylinder 
to  which  the  manometer  was  attached.  The  solution,  the  osmotic 
pressure  of  which  is  to  be  measured,  is  placed  inside  the  bronze 
cylinder  and  around  the  clay  cell,  while  the  solvent  (water)  is 
placed  inside  the  cell.  In  this  way,  water  passes  from  the  cell 
into  the  solution,  and  the  pressure  thereby  created  is  ascertained 
by  means  of  the  manometer. 

A  diagram  of  the  apparatus  is  shown  in  Figure  8.  "  M  is  a 
clay  cell  with  the  membrane  of  copper  ferrocyanide  deposited  on 
its  exterior.  This  extends  only  as  far  as  indicated  by  the  heavy 
line  K,  the  neck  and  shoulder  of  the  cell  being  glazed  to  ensure 
tight  joints.  J  is  the  bronze  cylinder  into  which  the  cell  is 
fastened  by  means  of  the  plug  P.  The  latter  has  three  legs 
upon  which  the  apparatus  stands  and  which  serve  as  a  means  of 
screwing  the  plug  into  the  cylinder.  N  is  a  thick  rubber  washer 
and  O  is  a  piece  of  commercial  •  Rainbow  Packing,'  about  a 
millimetre  and  a  half  thick.  This  packing  gives  perfect  satisfac- 
tion, while  ordinary  rubber  will  not  withstand  higher  pressures. 
At  all  other  joints,  N,  G,  H,  the  packing  is  surrounded  on  all 
sides  so  it  cannot  get  away,  hence  in  these  places  the  softer 
rubber  washers  answer  very  well.  In  fact,  it  is  desirable  to  have 
N  and  G  thick  (about  4  mm.)  and  soft  so  that  initial  pressure  may 
be  secured  by  their  compression. 

11  R  is  a  glass  U-tube  held  in  the  mouth  of  the  cell  by  means 
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of  the  rubber  stopper  Q.     This  is  simply  to  keep  the  solvent  L 
up  in  the  cell  and  yet  leave  it  open  to  the  atmosphere.     I  is  the 


FIG.  8. 

solution  to  be  measured.  E  is  the  manometer  attachment  and 
is  fastened  on  to  the  cylinder  by  means  of  nut  F,  G  being  a  thick 
rubber  washer  described  above.  A  is  a  piece  of  capillary  glass 
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tubing  to  which  the  manometer  is  sealed.  The  square  shoulder 
at  the  lower  end  of  A  is  secured  by  sealing  on  to  a  piece  of 
tubing,  of  the  size  desired  for  A,  another  piece,  having  somewhat 
larger  external  dimensions.  The  joint  is  kept  soft  and  the  glass 
allowed  to  flow  together  until  a  considerable  enlargement^  is 
secured,  the  internal  diameter  being  kept  of  original  size  by  care- 
ful blowing.  After  cooling,  the  larger  piece  of  tubing  is  cut  off 
close  to  the  enlarged  joint.  A  is  then  mounted  in  the  lathe  and 
the  enlarged  end  ground  to  the  desired  size  and  shape.  ...  In 
this  manner  the  lower  end  of  A  is  made  to  fit  accurately  into  the 
lower  end  of  E,  as  shown  in  the  diagram.  To  hold  A  in  position, 
B  is  sealed  on  to  A  by  means  of  sealing  wax  (Khotinsky),  and 
after  putting  D  into  position,  C  is  screwed  on  to  B.  Now  it  will 
be  seen  that  by  turning  D  to  the  left,  A  is  raised  and  held  tightly 
in  position  in  E  against  the  washer  H.  By  turning  D  to  the 
right,  A  is  lowered  and  excess  solution  is  allowed  to  escape. 
This  method  of  joining  glass  and  metal  is  of  general  application 
and  has  proven  most  satisfactory.  Such  a  joint  will  hold  tight 
under  any  pressure  which  will  not  actually  break  the  glass. 

"  Several  points  of  advantage  over  the  old  type  of  cell  deserve 
especial  mention.  In  the  first  place  the  clay  cell  will  withstand 
far  greater  pressure  exerted  upon  its  exterior  than  upon  its 
interior,  as  would  be  expected  from  a  consideration  of  the 
principles  of  arch  construction.  Secondly,  the  membrane  itself 
is  made  stronger,  for  the  pressure  tends  to  force  it  farther  into 
the  pores  and  so  compresses  it,  making  it  more  firm  and  compact. 
With  the  membrane  on  the  inside  of  the  cell,  the  pressure  of  the 
enclosed  solution  tends  to  expand  the  membrane  out  into  the 
pores  of  the  cell,  thus  stretching  the  particles  of  the  membrane 
and  so  making  ruptures  more  likely  to  occur." 

The  apparatus  just  described  could  be  used  for  the  measure- 
ment of  pressures  up  to  100  atmospheres,  but  could  not  be  em- 
ployed for  the  measurement  of  higher  pressures  as  the  glass 
manometers  broke.  To  overcome  this  difficulty,  Frazer  and 
Myrick  employed  an  electrical  resistance  gauge  based  on  the 
principle  that  the  resistance  of  certain  conductors  to  an  electric 
current  increases  with  pressure  in  a  nearly  linear  manner. 
Pressures  are  measured  by  comparing  the  resistance  (by  the  Carey 
Foster  Bridge  method)  of  two  similar  resistance  coils  when  both 
are  subjected  to  the  same  pressure  (that  of  the  atmosphere),  and 
again  when  one  is  subjected  to  the  pressure  under  investigation. 
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The  change  in  resistance  of  the  gauge  coil  is  a  measure  of  the 
pressure. 

In  Figure  9  is  shown  the  arrangement  employed  by  Frazer 
and  Myrick.  "  Z  is  the  resistance  coil,*  the  terminals  of  which 
are  hard  soldered  to  the  copper  lead  wires  U  and  U'.  V  is  a 


FIG.  g. 

plug  through  which  the  lead  wires  pass  to  the  exterior  and  which 
screws  into  A'  against  the  copper  washer  X.  W  and  Y  are 
packing  to  prevent  leaks  around  the  lead  wires.  W  is  composed 
of  three  layers  of  soapstone  (alberine)  carefully  cut  and  drilled  to 
fit  the  opening  in  V  and  the  wires  U  and  U'. 

*The  coil  consisted  of  "  Therlo  "  wire,  an  alloy  of  copper,  manganese, 
and  aluminium  which  has  a  low  temperature  coefficient  and  a  negligible  thermo- 
electric effect  against  copper. 
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"  These  soapstone  plugs  were  forced  into  place  by  applica- 
tion of  sufficient  mechanical  pressure  to  crush  the  stone  and 
compress  it  securely  in  V  tight  around  the  wires.  A  knot  was 
made  in  the  wires  between  two  of  the  layers  of  stone  to  prevent 
subsequent  flowing  of  the  copper  under  pressure.  The  exposed 
layer  of  stone  was  coated  with  marine  glue  and  after  drying  a 
layer  of  molten  Khotinsky  wax  (Y)  was  poured  on.  The  func- 
tion of  the  latter  is  chiefly  to  prevent  movement  of  the  lead  wires, 
which  causes  a  loosening  of  the  soapstone  around  them.  Some 
trouble  with  leakage  on  this  account  was  experienced  at  first, 
but  with  the  present  arrangement  there  is  none.  The  lead  wires 
at  the  exterior  end  are  hard  soldered  to  heavy  copper  terminals 
S  and  S',  which  were  amalgamated  and  dip  into  the  mercury  cups 
of  the  Carey  Foster  Bridge  coil  holder. 

"  E'  is  an  attachment  by  which  the  gauge  is  connected  to  the 
osmotic  pressure  apparatus.  The  parts  E'  and  F'  in  Figure  9 
correspond  to  parts  E  and  F  in  Figure  8,  and  serve  as  a  means 
of  connecting  the  resistance  gauge  and  the  glass  manometers 
respectively  to  the  bronze  cylinder  J  (Fig.  8).  The  coil  Z  is  im- 
mersed in  oil  which  fills  the  compartments  in  A7  and  E'  as 
indicated  by  B'.  The  solution  I  (Fig.  8)  is  in  contact  with  the 
oil  at  the  lower  end  of  the  capillary  opening  in  E7  (Fig.  9).  ... 
A  comparison  coil  is  immersed  in  oil  in  a  brass  cup  and  connected 
by  means  of  mercury  contacts  to  the  other  arm  of  the  Carey 
Foster  Bridge  coil  holder. 

"This  gauge  presents  many  very  decided  advantages  over 
the  manometric  method  of  measuring  pressures.  The  strength 
is  wellnigh  unlimited.  The  old  type  manometers,  depending  as 
they  do  upon  the  compression  of  a  gas,  involve  a  considerable 
change  in  volume.  The  only  change  in  volume  suffered  in  the 
resistance  gauge,  is  that  due  to  the  compression  of  the  oil.  Hence 
dilution  of  the  solution  being  measured  is  reduced  to  a  minimum, 
and  as  a  result,  equilibrium  is  much  more  rapidly  established. 
Furthermore,  the  deviations  of  gases  from  Boyle's  law  make  the 
manometric  method  less  accurate  at  high  pressures." 

The  determinations  of  the  osmotic  pressure  of  cane  sugar 
solutions  were  carried  out  at  30°,  and  the  results  obtained  are 
given  in  Table  VII.  The  solutions  were  made  up  on  the  weight- 
molar  basis  using  atomic  weights  referred  to  H  =  i.  (The  6-5 
molar  solution  represents  an  almost  saturated  solution  of  cane 
sugar.) 
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TABLE  VII.  —  OSMOTIC  PRESSURE  OF  SUCROSE  SOLUTIONS  AT  30". 
(Frazer  and  Myrick.) 


Osmotic  Pressure 
(H  =  i).  Atm< 

2  58-37 

3  95'l6 

4  138-96 

5  I87-3 

6  232-3 
6-5  252-8 

Determinations  by  Lord  Berkeley  and  Hartley. 

Before  passing  to  the  discussion  of  these  results  we  shall 
consider  those  obtained  by  the  Earl  of  Berkeley  and  E.  G.  J. 
Hartley.33  The  method  employed  is  essentially  different  from 
that  of  Morse,  and  is  based  on  a  method  first  employed  by 
Tammann.49  Instead  of  measuring  the  pressure  developed  in  a 
cell  by  the  passage  inwards  of  the  solvent,  Lord  Berkeley  and 
E.  G.  J.  Hartley  subjected  the  solution,  separated  from  the 
solvent  by  a  semi-permeable  membrane,  to  a  gradually  increasing 
pressure,  until  the  solvent,  which  at  first  flows  into  the  solution, 
reverses  its  direction  and  is  squeezed  out.  The  turning-point 
at  which  the  pressure  on  the  solution  is  just  sufficient  to  prevent 
the  inflow  of  solvent,  is  taken  as  the  equivalent  of  the  osmotic 
pressure  of  the  solution. 

The  apparatus  is  represented  in  section  in  Figure  10.  "  AB 
is  a  porcelain  tube,  15  cm.  long,  2  cm.  external  and  1-2  cm. 
internal  diameter  ;  the  vertical  ends  are  glazed.  This  tube 
carries  the  semi-permeable  membrane  as  close  to  the  outer  sur- 
face as  possible.  CC  is  a  gun-metal  cage  against  the  ends  of 
which  the  dermatine  rings  DD  are  compressed  when  the  two 
parts  E  and  F  of  the  outer  gun-metal  vessel  are  screwed  to- 
gether. The  ends  of  this  cage  have  shallow  radial  grooves  cut 
out  of  them  so  as  to  prevent  the  dermatine  rings  from  rotating 
and  rubbing  the  membrane  during  the  operation  of  screwing  E 
and  F  home.  The  length  of  the  cage  is  such  that,  when  finally 
set  up,  the  dermatine  rings  just  overlap  the  ends  of  the  porcelain 
tube. 

"  The  outer  gun-metal  vessel  (capacity  about  250  c.c.)  con- 
tains the  solution  which,  when  a  pressure  is  applied  to  it,  forces 
the  dermatine  rings  against  the  bevelled  faces  GG,  and  thus 
causes  a  tight  joint  to  be  made  with  the  porcelain  tube.  The 
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joint  between  E  and  F  is  made  good  by  another  dermatine  ring 
X,  which  is  compressed  between  the  metal  ring  I  and  the 
nuts  JJ. 

"  The  ends  of  AB  are  closed  by  pieces  of  thick- walled  rubber 
tubing  KK,  through  which  the  brass  tubes  LL  are  passed ;  ~a 
watertight  joint  between  LL  and  the  inside  of  the  porcelain  tube 
is  obtained  by  compressing  the  rubber  between  the  metal  washers 
MM  and  the  nuts  NN.  The  brass  tubes  are  joined  by  rubber  tub- 
ing, one  to  a  glass  tap  and  the  other  to  an  open  glass  capillary — 
the  latter,  which  we  shall  call  the  water  gauge,  was  graduated  in 
millimetres  and  calibrated ;  one  centimetre  of  the  bore  contains 
0*00312  c.c.  The  outer  ends  of  E  at  F  have  threads  cut  on 
them  to  receive  the  brass  rings  OO,  which  in  their  turn  are  per- 
forated by  screw-holes  to  receive  the  thumbscrews  PP,  by  means 
of  which,  together  with  a  rubber  washer,  a  tight  joint  is  made 
between  the  flanges  QQ  of  the  curved  metal  tubes  VV  and  the 
ends  of  E  and  F. 

"The  perforation  R  is  for  filling  the  apparatus  with  solution, 
and  also  for  connecting  to  the  pressure  apparatus,  while  S  serves 
to  empty  the  vessel." 

Membranes  of  copper  ferrocyanide  were  employed.  The  air 
was  removed  from  the  porous  tube  by  immersing  it  in  a  solution  of 
copper  sulphate  contained  in  a  vessel  which  was  then  exhausted. 
The  tube  was  then  dried  superficially  and  rotated  in  a  solution 
of  potassium  ferrocyanide,  after  the  open  ends  had  been  plugged. 
The  membrane  was  in  this  manner  caused  to  form  close  to  the 
outer  surface  (the  surface  which  would  be  next  the  solution) 
of  the  tube,  and  was  then  strengthened  electrolytically  in  the 
manner  employed  by  Morse  and  Horn.40 

In  making  a  determination,  the  porcelain  tube  carrying  the 
copper  ferrocyanide  membrane  was  filled  with  water,  which  also 
passed  up  into  the  attached  capillary  tubes.  The  space  sur- 
rounding the  porcelain  tube  having  been  filled  with  the  solution 
to  be  investigated,  a  gradually  increasing  pressure  was  applied, 
the  value  of  which  could  be  determined  by  means  of  a  special 
pressure  apparatus.  So  long  as  the  external  pressure  applied  to 
the  solution  is  less  than  the  osmotic  pressure,  water  passes  from 
the  interior  of  the  tube  into  the  solution,  and  this  is  rendered 
obvious  by  the  fall  of  the  water-level  in  the  gauge  tube.  When, 
however,  the  applied  pressure  exceeds  the  osmotic  pressure,  water 
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is  forced  back  into  the  porcelain  tube  and  the  water-level  in  the 
gauge  tube  rises.  As  there  is  great  difficulty  in  determining  the 
exact  point  at  which  there  is  no  movement  in  the  gauge  tube, 


the  turning-point  was  determined  by  making  observations  of  the 
rate  of  movement  of  the  water  at  pressures  slightly  less  and  slightly 
greater  than  the  osmotic  pressure.  The  turning-point  was  then 
deduced  from  these  two  rates  on  the  assumption  that  the  rate  of 
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movement  is  proportional  to  the  difference  between  the  pressure 
applied  and  the  turning-point  pressure.  To  the  turning-point 
pressures  thus  determined,  a  correction  has  to  be  applied  for 
what  is  called  the  guard-ring  leak.  This  leak  is  due  either  to  the 
fact  that  (in  the  older  apparatus)  the  semi-permeable  membrane 
does  not  lie  quite  on  the  surface  of  the  tube,  and  consequently 
it  is  impossible  to  get  perfect  contact  between  the  dermatine 
rings  and  the  membrane  ;  or  to  the  fact  that  (in  the  case  of  the 
tubes  with  glazed  ends)  there  are  cracks  in  the  glaze  through 
which  the  solution  flows  and  abstracts  water  from  the  interior. 

The  time  required  for  carrying  out  a  determination  is  much 
less  than  with  the  method  employed  by  Morse. 

The  following  tables  give  the  results  obtained  by  Lord 
Berkeley  and  E.  G.  J.  Hartley,  at  the  temperature  o°  :  — 

TABLE  VIII.—  OSMOTIC  PRESSURE  OF  CANE  SUGAR  SOLUTIONS  AT  o°. 

(Proc.  Roy.  Soc.,  1916,  A,  92,  477.) 

Concentration 

(Grams  of  Sucrose  Osmotic  Pressure. 

in  100  Grams  of  Atm. 

Water). 

3-3937  2-23 

10*184  6-85 

20*525  14*21 

30*608  21*87 

33*945  24*55 

81*262  6774 

111*731  100*13 

141*107  134*84 

TABLE  IX.  —  OSMOTIC  PRESSURE  or  GLUCOSE  SOLUTIONS  AT  o°. 
(Phil.  Trans.,  1906,  A,  206,  486.) 

Concentration  Osmotic  Preseure  eSSSSiSSSB. 

(Grams  of  Glucose  Observed.  Calculated  according 

in  i  Litre  of  Solution).  Atm.  to  v™£  Hoff' 

99*8  13*21  12*42 

I99-5  29*17  24*82 

319*2  53*19  39*72 

448-6  87*87  55*83 

548-6  121-18  68*27 

TABLE  X.  —  OSMOTIC  PRESSURE  OF  GALACTOSE  SOLUTIONS  AT  o°. 
(Phil.  Trans.,  1906,  A,  206,  486.) 


Concentration  Osmotic  Pressure  r 

(Grams  of  Galactose  Observed.  Calcula 

in  i  Litre  of  Solution).  Atm.  to  ^tm 

250  35'5  3*'i 

380  62-8  47*29 

500  95-8  62-22 
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TABLE  XL  —  OSMOTIC  PRESSURE  OF  MANNITOL  SOLUTIONS  AT  o°. 

(Phil.  Trans.,  1906,  A,  206,  486.) 

Concentration  Osmotic  Pressure 

(Grams  of  Mannitol  in  Observed. 

i  Litre  of  Solution),  Atm. 

100  13-1 

IIO  I4'6 

125  167 

The  experiments  with  mannitol  are  not  satisfactory,  as  there 
seemed  to  be  no  doubt  that  the  copper  ferrocyanide  membrane 
is  slightly  more  permeable  to  this  substance  than  to  the  sugars. 

TABLE  XII.  —  OSMOTIC  PRESSURE  OF  SOLUTIONS  OF  CI-METHYL  GLUCOSIDE  AT  o°. 
(Proc.  Roy.  Soc.,  1916,  A,  92,  477.) 

Concentration  n<,mntir  Pr«»c 

(Grams  of  Solute  in  Osmotic  Pressure. 

loo  Grams  of  Water). 

22*873  29-87 

34767  4772 

44-928  63-84 

54-869  80-78 

63*845  95*97 

75709  "7*19 

The  experiments  with  a-methyl  glucoside  were  not  so  satis- 
factory as  with  cane  sugar. 

TABLE  XIII.  —  OSMOTIC  PRESSURE  OF  SOLUTIONS  OF  ISODULCITOL  AT  o°. 
(Proc.  Roy.  Soc.,  1916,  A,  92,  477.) 


OsmoUcPressure. 
100  Grams  of  Water). 

31-07  45*98 

31*11  46-53 

31-15  47-01 

35*67  53*62 

TABLE  XIV.  —  OSMOTIC  PRESSURE  OF  SOLUTIONS  OF  O-TETRAMETHYL 
FERROCYANIDE  AT  o°. 

(Proc.  Roy.  Soc.,  1916,  A,  92,  477.) 


Osmotic  Pressure. 
zoo  Grams  of  Water). 


The  accuracy  of  the  above  measurements  may  be  estimated 
from  the  fact  that  the  equilibrium  pressure  obtained  between  two 
solutions  of  cane  sugar  containing  750  grams  and  540  grams 
respectively  in  the  litre,  was  66*0  atm.  This  agrees  very  well 
with  the  difference  between  the  equilibrium  pressures  of  these 
two  solutions  when  measured  against  water,  viz.  66*23  atm.33 
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The  Earl  of  Berkeley  and  E.  G.  J.  Hartley  have  also  sug- 
gested 50  a  dynamic  method  of  determining  osmotic  pressure. 
Instead  of  determining  the  hydrostatic  pressure  which  must  be 
applied  to  the  solution  to  prevent  the  inflow  of  water,  theyjiaye 
also  measured  the  rate  of  flow  of  solvent  into  the  solution. 
Assuming  that  this  rate  of  flow  is  the  same  as  would  occur  if 
the  water  were  caused  to  pass  through  the  membrane  under  a 
mechanical  pressure  numerically  equal  to  the  osmotic  pressure  of 
the  solution,  they  find  that  if  the  initial  rate  of  flow  only  is  con- 
sidered, it  yields  values  for  the  osmotic  pressure  which  agree  well 
with  the  values  measured  directly  (or  calculated  by  the  Boyle- 
van't  Hoff  law  from  the  osmotic  pressure  of  more  concentrated 
solutions)  in  the  case  of  dilute  solutions.  In  the  case  of  con- 
centrated solutions,  however,  the  discrepancy  is  somewhat  large. 
In  the  case  of  dilute  solutions,  Lord  Berkeley  and  E.  G.  J. 
Hartley  believe  that  fairly  accurate  determinations  of  the  osmotic 
pressure  can  thus  be  made  more  easily  than  by  employing  the 
direct  equilibrium  (statical)  method.*  This  method  has  also  been 
suggested 51  for  the  determination  of  molecular  weights  in  dilute 
solution. 

The  dynamical  method  is,  however,  applicable  only  when  the 
initial  rate  is  measured,  since  the  rate  of  flow  gradually  diminishes, 
as  was  shown  by  Vegard.52  The  velocity  of  osmosis  and  its  de- 
pendence on  the  osmotic  pressure  have  also  been  investigated  by 
Sebor  53  and  by  Antropoff.54 

Reference  may  also  be  made  to  the  determinations  by  Lord 
Berkeley  and  E.  G.  J.  Hartley  55  of  the  osmotic  pressure  of  con- 
centrated and  dilute  solutions  of  calcium,  strontium,  and  potassium 
ferrocyanides  (see  Chap.  VII).  From  the  results  obtained  it  is 
concluded  that  these  salts  exist  as  ionized  double  molecules  in 
solution.  Further  determinations  of  the  osmotic  pressure  of 
solutions  of  a  number  of  other  salts  have  also  been  carried  out  by 
the  same  investigators.51 

Preliminary  measurements  of  the  osmotic  pressure  of  solutions 

*  In  this  connexion  the  recent  investigations  of  H.  C.  Ross  (Proc.  Roy. 
Sac.,  1909,  B,  81,  97),  on  the  diffusion  of  stains  into  bacteria  and  other  cells, 
and  of  A.  J.  Brown  (Proc.  Roy.  Soc.,  1912,  B,  85,  546),  on  the  diffusion  of 
water  into  the  seeds  of  barley  (Hordeitm  vulgare)  are  of  interest  and  im- 
portance. See  also  A.  J.  Brown  and  F.  Tinker  (Proc.  Roy.  Soc.,  1915,  B, 
89,  119;  1916,  B,  89,  373). 
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of  potassium  chloride  and  of  lithium  chloride  have  been  made  by 
H.  N.  Morse,  J.  C.  W.  Frazer  and  E.  L.  Frederick.56  Although 
from  these  measurements,  in  which  membranes  of  copper  and 
nickel  ferrocyanide  were  employed,  it  appeared  practicable  to 
measure  the  osmotic  pressure  of  solutions  of  potassium  chloride 
of  concentrations  less  than  0-5  weight-normal,  and  of  solutions  of 
lithium  chloride  of  concentrations  not  greater  than  0*6  weight- 
normal,  these  salts  appear  to  have  a  deleterious  action  on  the 
membranes. 

Another  method  of  measuring  osmotic  pressures  has  been 
suggested  by  F.  T.  Trouton.57  This  method  is  based  on  the 
fact  that  the  mutual  solubility  of  two  liquids  is  diminished  by  the 
addition  of  a  substance  which  is  soluble  in  only  one  of  the  liquids. 
Thus  the  solubility  of  water  in  ether  is  reduced  by  the  addition 
of,  say,  cane  sugar,  which  is  soluble  in  water  but  not  in  ether. 
The  solubility,  however,  is  increased  by  increase  of  pressure,  and 
it  was  found  that  when  ether  is  in  contact  with  a  solution  contain- 
ing 600  grams  of  sucrose  to  the  litre,  a  pressure  of  79  atm.  must 
be  imposed  on  the  system  in  order  that  the  ether  shall  take  up  as 
much  water  from  the  solution  as  it  would  have  done  if  it  were  in 
contact  with  pure  water  at  atmospheric  pressure.  This  pressure 
is  taken  as  equal  to  the  osmotic  pressure  of  the  sucrose  solution. 
For  a  sucrose  solution  of  the  above  concentration,  the  osmotic 
pressure,  calculated  from  the  data  of  Lord  Berkeley  and  E.  G.  J. 
Hartley,  would  be  8 1  atm. 

This  method  of  determining  osmotic  pressures,  which  has  not 
yet  been  subjected  to  a  systematic  experimental  investigation,  has 
been  adversely  criticised  by  Lord  Berkeley.58 

A  method  of  measuring  osmotic  pressure  by  balancing  the 
osmotic  pressure  against  an  electro-endosmotic  pressure  has  been 
suggested  by  E.  Cohen  and  G.  de  Bruin.09  Definite  measure- 
ments have  not  yet  been  communicated. 

In  recent  years  also,  measurements  of  osmotic  pressure  in 
non-aqueous  solutions  have  been  carried  out  with  pyridine  solu- 
tions by  Kahlenberg,60  Cohen  and  Commelin,61  and  Wilcox,62 
using  membranes  of  rubber.  The  results  are,  however,  too  con- 
flicting to  justify  further  discussion  at  this  point. 

Quite  recently,  A.  E.  Koenig 177  has  determined  the  osmotic 
pressure  of  pyridine  solutions  of  cane  sugar,  silver  nitrate,  and 
lithium  chloride,  using  a  rubber  membrane.  The  pressures  for 
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the  sugar  solutions  were  approximately  those  demanded  by  the 
gas  laws,  but  those  for  silver  nitrate  and  lithium  chloride  were 
much  lower.  Although  with  a  fresh  membrane  a  given  solution 
always  gave  practically  the  same  pressure,  the  pressure  obtained 
was  not  permanent,  owing,  probably  to  an  alteration  in  tlie 
nature  of  the  rubber  in  contact  with  pyridine.  Some  doubt 
therefore  exists  as  to  the  membrane  being  truly  semi-permeable, 
so  that  the  main  conclusion  reached  is  the  one,  already  well  estab- 
lished, that  when  a  membrane  is  not  truly  semi-permeable,  the 
magnitude  of  the  pressure  developed  depends  on  the  nature  of 
the  membrane  employed. 


CHAPTER  IV. 

DISCUSSION  OF  THE  RECENT  DETERMINATIONS  OF  OSMOTIC 
PRESSURE  AND  OF  THE  VAN'T  HOFF  THEORY. 

IN  view  of  the  fact  that  recent  investigation  of  the  osmotic 
pressure  of  solutions  was  inspired  by  the  theory  of  vari't  Hoff, 
we  turn  naturally  to  inquire  how  far  this  theory  is  in  harmony 
with  the  results  so  recently  obtained.  The  theory  of  van't  HorT 
postulates  direct  proportionality  between  the  osmotic  pressure  of 
the  solution  and  its  concentration  expressed  in  grams  or  gram- 
molecules  in  unit  volume  of  solution  ;  and  also  direct  propor- 
tionality between  osmotic  pressure  and  absolute  temperature. 
The  osmotic  pressure,  moreover,  according  to  this  theory,  is 
equal  to  the  pressure  which  the  dissolved  substance  would  exer- 
cise if  in  the  state  of  a  gas  occupying  a  volume  equal  to  the 
volume  of  the  solution. 

In  considering  the  recent  determinations  of  osmotic  pressure 
we  must  ask,  in  the  first  place,  to  what  extent  the  results  ob- 
tained by  Morse  and  his  collaborators,  on  the  one  hand,  and  by 
Lord  Berkeley  and  E.  G.  J.  Hartley  on  the  other,  are  in  agree- 
ment with  one  another.  Although  an  extended  comparison  of 
the  two  sets  of  determinations  is  not  possible  on  account,  first  of 
all,  of  the  fact  that  the  measurements  of  the  English  investigators 
are  limited  to  one  temperature  (o°),  and  in  the  second  place  be- 
cause the  range  of  concentration  investigated  is,  for  the  most 
part,  very  different  in  the  two  cases.  The  latest  determinations, 
however,  of  the  osmotic  pressure  of  cane  sugar  solutions  carried 
out  by  Lord  Berkeley  and  E.  G.  J.  Hartley  overlap  those  of 
Morse  and  his  collaborators,  and  a  comparison  is  in  these  cases 
possible.  The  results  of  this  comparison,  read  from  curves 
plotted  on  a  large  scale,  are  given  in  Table  XV.63 

40 


RECENT  DETERMINATIONS  OF  OSMOTIC  PRESSURE      4! 


TABLE  XV. — OSMOTIC  PRESSURE  OF  CANE  SUGAR  SOLUTIONS  AT  oj. 


Weight- 
Normal 
Concentration 
(approx.). 

Weight  Con- 
centration 
(Grams  of  Solute 
in  100  Grams 
of  Water). 

Volume  Con- 
centration 
(Grams  of  Solute 
in  i  Litre  of 
Solution). 

Osmotic 
in  Atm< 

Berkeley  and 
Hartley. 

Pressure 
>spheres. 

Morse. 

Percentage 
Difference. 

O'l 

3*3927 

32*6 

2-23 

2'43 

8-2 

0'3 

io'  184 

90-1 

6-85 

7-02 

2-4 

0-6 

20-525 

176*8 

14-21 

14-38 

1-2 

0*9 

30-608 

256-7 

21-87 

21*92 

O"2 

I'O 

33*945 

— 

24*55 

24*57 

o-i 

2-39 

81-262 

540*6 

67-74 

— 

3-29 

111731 

659-6 

100-13 

— 

— 

4*1                141-107 

75IH 

I34*84 

— 

•*•• 

From  the  above  table  it  will  be  observed  that  there  is  by  no 
means  complete  agreement  between  the  two  sets  of  determina- 
tions, more  especially  in  the  case  of  the  more  dilute  solutions 
where  the  deviations  are  considerably  greater  than  the  experi- 
mental errors  of  determination.  For  this  discrepancy  no  adequate 
explanation  has  yet  been  found. 

Frazer  and  Myrick 34  have  also  compared  the  values  of  the 
osmotic  pressure  obtained  by  them  with  the  values  obtained  by 
Lord  Berkeley  and  E.  G.  ].  Hartley.  In  order  to  carry  out  this 
comparison  the  osmotic  pressures  at  30°  were  calculated  from 
Lord  Berkeley  and  Hartley's  determinations  at  o°  on  the  as- 
sumption that  the  temperature  coefficient  of  osmotic  pressure  is 
the  same  as  for  gas  pressure.  The  results  of  the  comparison  are 
given  in  Table  XVI. 


TABLE  XVI. 


Grams  of 
Sucrose  in 

IOOO  C.C.  Of 

Solution. 

Grams  of 
Sucrose  per 
loco  Grams 
of  Water. 

Osmotic  Pressure. 

Berkeley  ai 

Pato° 
(Observed). 

id  Hartley. 

P  at  30° 

(Calculated). 

Frazer  and  Myrick. 

P  at  30° 
(Observed). 

iSo-I 
300-2 
420-3 

540'4 
660-5 
750-6 

2O2 
370 
569 
820 
"33 
M30 

13*95 

26-77 

43-97 
67-51 
100-78 
r33'74 

I5H8 
29-72 
48-81 

74-94 
111-87 
148-46 

I5'59 
29-78 
47-88 
73-06 
109-10 
148-80 
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The  agreement  between  the  two  sets  of  values  is  very  good. 
One  must,  however,  bear  in  mind  that  the  values  of  the  osmotic 
pressure  calculated  from  the  measurements  of  Lord  Berkeley 
and  E.  G.  J.  Hartley  are  subject  to  error,  as  the  temperature  co- 
efficient of  osmotic  pressure  is  not  the  same  as  for  a  perfect  gas 
(see  p.  44). 

Let  us  see  now  how  the  matter  stands  with  regard  to  the 
validity  of  the  Boyle-van't  Hoff  law.  In  Table  XVII  are  tabu- 
lated the  values  of  the  osmotic  pressure  of  solutions  of  cane  sugar 
at  20°,  as  determined  by  Morse  and  his  collaborators,  together 
with  the  values  calculated  according  to  the  van't  Hoff  theory 
and  also  according  to  the  method  of  Morse. 


TABLE  XVII. 


Osmotic  Pressure  in  Atm. 

Weight- 
Normal 
Concentration. 

Volume- 
Normal 
Concentration. 

Osmotic 
Pressure 
Observed. 
Atm. 

Calculated  £ 
van't  Hoff. 

ccording  to 
Morse. 

O*I 

0*098 

2*59 

2-34 

2*39 

0*2 

0*192 

5-06 

4*59 

478 

0-3 

0*282 

7*61 

6*74 

7*17 

0-4 

0*369 

10*14 

8*82 

9-56 

0-5 

0*452 

12*75 

10*81 

11-95 

0-6 

o-533 

I539 

12*72 

1434 

07 

0*610 

18*13 

14*58 

16*73 

0'8 

0*684 

20*91 

16*36 

19*12 

0-9 

0*756 

23*72 

18*08 

21*51 

ro               0*825 

26*64 

1973 

23*90 

On  glancing  at  the  numbers  in  the  above  table  we  are  at  once 
struck  by  the  fact  that  even  in  deci-normal  solutions  of  cane 
sugar  the  experimental  value  of  the  osmotic  pressure  is  appreciably 
higher  than  the  value  calculated  according  to  the  theory  of  van't 
Hoff;  and  as  the  concentration  of  the  solution  increases,  the 
deviation  from  the  calculated  values  increases  still  further.  That 
the  deviation  becomes  increasingly  great  at  higher  concentra- 
tions is  very  evident  when  one  compares  the  values  of  the  osmotic 
pressure  determined  by  Lord  Berkeley  and  E.  G.  J.  Hartley  at 
o°  with  those  calculated  according  to  the  theory  of  van't  Hoff,  as 
shown  in  Table  XVI 1 1.63 
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TABLE  XVIII. 


Volume  Concentration 
(Grams  of  Cane  Sugar 
in  i  Litre  of  Solution). 

Osmotic  Pre 
Observed. 

jsure  in  Atm. 

Calculated 
according  to 
van't  Hoff. 

32-6 
90-1 
176-8 
2567 
540-6 
659-6 
751-4 

2  '23 
6-85 
14-21 
21-87 
6774 
100-13 
I34'84 

2-13 
6-2 

I2'O 

18-0 

40-5 

46*0 
52-8 

It  was,  however,  pointed  out  by  Morse  that  better  agreement 
is  obtained  between  the  experimental  values  of  the  osmotic 
pressure  and  the  theoretical  values,  if  these  are  calculated  on  the 
assumption  that  the  osmotic  pressure  is  equal  to  the  pressure 
which  the  substance  would  exercise  if  it  existed  as  a  gas  in  the 
volume  occupied  by  the  solvent  at  4°,  not  by  the  solution  as  ac- 
cording to  the  van't  Hoff  theory.  That  this  is  so  is  seen  from 
Table  XVII,  where  the  values  calculated  in  this  way  are  given 
in  the  last  column  of  the  table.  But  even  so,  it  will  be  seen  that 
the  values  obtained  still  deviate  appreciably  from  the  experimental 
numbers.  Such  deviations  are  found  also  at  other  temperatures, 
as  is  shown  by  Table  XIX,  which  gives  the  ratios  of  the  experi- 
mentally determined  osmotic  pressures  to  the  gas  pressures,  calcu- 
lated according  to  the  method  which  has  just  been  mentioned.64 

TABLE  XIX. — RATIOS  OF  OSMOTIC  PRESSURE  TO  GAS  PRESSURE  IN  THE  CASE  OF 
CANE  SUGAR  SOLUTIONS. 


jfrS 

tii§ 

Ratio  of  Osmotic  Pressure  to  Gas  Pressure  at 

0° 

5° 

1-082 
1-063 
1-058 
1-059 
1-067 
1-074 
1-084 

1-093 
1-102 

1-115 

10° 

15° 

20° 

25° 

30° 

40° 

50° 

60° 

70° 

80° 

O'l 
0-2 

0-4 
0-5 

0-6 
0-7 
0-8 
0-9 
I'O 

(1-106) 
i  -06  1 
i  -06  1 
i  -060 
1-068 
1-077 
1-083 
1-093 
1-104 
1-115 

1-082 
1-060 

1-059 

I  -060 

1-066 
1-073 

1-083 
1-092 

I-IO2 
I-H3 

I-082 
I  -06  1 
I  -06  1 
1-059 
1-068 
1-073 
1-083 

1-093 

I  -102 
I-II5 

1-084 
I-O62 
1-O6O 
I  '060 
I-067 
1-073 
1-084 
1-093 
I-I03 
I-II5 

1-084 

I'OOO 

1-003 

i-ooo 

I'OO2 

i-ooo 

I  -00  1 

0-999 

i-ooo 
Tooo" 

1-020 
1-027 
1-033 
1-044 

i-ooo 

1-002 
Q'999 
1-008 
I-OI5 
1-023 

i-ooi 

I-OOO 

i-ooo 

1-059 

I  -060 

1-059 

1-065 
1-071 

1-083 
1-093 

I-IO2 

1-113 

I-O20 
I-03I 
I-040 
I-050 
I  -O6O 
1-069 
I  -08  1 
1-089 
I-IOI 

I'OII 

1-024 

1-038 
1-046 

1-054 
1-059 

1-067 
1-076 

1-085 

I'OOg 

1-025 
I-032 
1-04! 
1-049 
1-059 
I-07I 
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From  the  above  table  it  will  be  seen  that  the  deviations  of 
the  calculated  from  the  observed  pressures  are  found  in  all  cases 
at  temperatures  below  25°,  and  that  they  are  greater  in  the  case 
of  concentrated  than  in  the  case  of  dilute  solutions.  It  will  be 
observed,  however,  that  at  higher  temperatures,  the  deviations 
gradually  disappear,  so  that  at  80°  the  deviations  no  longer 
exist  even  in  the  case  of  the  most  concentrated  solutions. 

In  the  case  of  solutions  of  glucose  and  of  mannitol  the  ratios 
of  osmotic  pressure  to  the  gas  pressure,  calculated  according  to 
Morse,  are,  at  all  temperatures  and  concentrations  investigated, 
approximately  equal  to  unity. 

With  regard  to  the  validity  of  the  Gay-Lussac-van't  Hoff  law, 
it  will  be  seen  from  Table  XIX  that  for  any  given  concentration 
of  cane  sugar,  the  ratio  of  osmotic  pressure  to  gas  pressure  is 
constant  (up  to  25°).  This  implies  that  the  osmotic  pressure  of 
solutions  varies  with  temperature  in  the  same  way  as  the  pressure 
of  a  gas,  provided  one  calculates  the  osmotic  pressure  in  terms  of 
volume  of  solvent  at  4°  instead  of  volume  of  solution  at  the  tem- 
perature of  the  experiment.  At  temperatures  above  25°,  how- 
ever, as  is  seen  from  Table  XII,  even  the  Gay-Lussac-Morse  law 
ceases  to  be  valid,  the  ratio  of  osmotic  pressure  to  gas  pressure 
(calculated  according  to  Morse)  being  no  longer  constant  for  a 
given  concentration  of  solution. 

From  what  has  just  been  said  it  follows  that  the  Boyle-van't 
Hoff  law  and  the  Gay-Lussac-van't  Hoff  law  do  not  hold  with 
any  accuracy  over  the  range  of  concentration  and  temperature 
investigated.  Nor,  indeed,  was  it  to  be  expected  that  they 
would.  Since,  in  the  deduction  of  the  van't-Hoff  theory,  simplify- 
ing assumptions  were  introduced  which  could  be  valid  only  in 
the  case  of  infinitely  dilute  solutions,  the  theory  made  no  claim 
to  be  a  general  theory  of  solutions  applicable  to  all  concentra- 
tions; and  the  experimental  investigation  of  osmotic  pressures 
could  serve  the  purpose  only  of  defining  the  limits  within  which 
the  simplifying  assumptions  could  be  regarded  as  still  applicable. 
That  the  range  of  validity  of  the  van't  Hoff  theory  is  compara- 
tively small,  in  the  case  at  least  of  solutions  of  cane  sugar,  is 
shown  by  the  determinations  of  Morse  and  his  co-workers  as 
well  as,  more  strikingly,  by  the  experiments  of  Lord  Berkeley 
and  E.  G.  J.  Hartley,  and  of  Frazer  and  My  rick.  Although 
better  agreement  is  obtained  when  the  osmotic  pressures  are 
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calculated  according  to  the  method  of  Morse,  still  the  need  is 
felt  for  an  expression  which  shall  represent  the  quantitative  pro- 
perties of  a  solution  over  a  wider  range  of  concentration.  The 
question  therefore  arises :  What  form  shall  this  expression  for  a 
general  theory  of  solutions  take? 


CHAPTER  V. 

THE  GENERAL  THEORY  OF  SOLUTIONS. 

ATTEMPTS  to  obtain  a  general  theory  of  solutions,  that  is  to  say, 
an  expression  which  will  represent  the  quantitative  relationships 
of  solutions  of  any  concentration,  have  been  made  in  various 
directions.  The  striking  analogy  which  was  shown  by  van't  Hoff 
to  exist  between  dilute  solutions  and  gases  seemed  to  point  quite 
naturally  to  the  view  that  the  van't  Hoff  laws,  when  applied  to 
concentrated  solutions,  would  have  to  be  modified  in  much  the 
same  way  as  the  laws  for  gases  under  high  pressures.  In  other 
words,  it  was  thought  that  the  quantitative  relationships  between 
osmotic  pressure  and  concentration  should  be  expressed  by  an 
equation  similar  to  that  of  van  der  Waals  for  gases. 

Equations  more  or  less  of  that  form  have  been  put  forward  by 
Bogdan,65  Bredig,66  Noyes,67  Abegg,68  Ewan,69  Wind,70  Fouard,71 
and  others ;  and,  recently,  Lord  Berkeley  and  E.  G.  J.  Hartley  72 
have  attempted  to  find  an  expression  to  cover  the  range  of 
determinations  carried  out  by  them.  Out  of  some  fifty  modifi- 
cations of  the  van  der  Waals  equation,  two  were  found  to  ex- 
press, with  fair  accuracy,  the  experimental  relationships.  These 
two  equations  are 

..      (i) 
(2) 

In  these  two  equations  a/v2  is  a  factor  intended  to  correct 
for  a  mutual  attraction  of  the  solute  molecules,  while  the  term 
A/v  is  a  correction  for  the  attraction  between  solvent  and  solute. 
In  the  equation  (i),  v  represents  the  volume  of  the  solvent  which 
contains  one  gram-molecule  of  solute ;  and  in  (2),  v  represents 
the  volume  of  the  solution  which  contains  the  gram-molecular 
weight.  The  following  Tables  XX  and  XXI  give'  the  results 
obtained  on  applying  these  equations  to  the  calculation  of  the 
osmotic  pressures  of  solutions  of  cane  sugar  and  of  glucose. 
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Concentration 
(Grams  of  Sugar 
in  i  Litre 
of  Solution). 

V 

(Equation  i). 

V 

(Equation  2). 

Calculated 
Osmotic 
Pressure 
(Equation  i). 

Calculated 
Osmotic 
Pressure 
(Equation  2). 

Observed 
Osmotic 
Pressure. 

850 

0-18270 

0-39722 

(183-0) 

(I83-0) 

183-0 

760 

0-23656 

0-45025 

(1337) 

(133*7) 

133*7 

660 

0-29883 

0-51177           (100-8) 

(100-8) 

100-8 

54° 

0-41431 

0*62570 

68-4 

67-7 

67-5 

420 

0-59471 

0-80492 

45  'o 

43*4 

44-0 

300 

0-91883 

1-12764 

277 

25'4 

26-8 

180                1-67368 

1-88094 

14-6 

I2'2 

14-0 

The  constants  of  equation  (i)  are, 

A  =  45*3689,  #=  3-5696,  £  =  0-05266. 
and  of  equation  (2)  they  are, 

A  =  67166,  0  =  7*2960,  £  =  0-25139. 


TABLE  XXI.— GLUCOSE  SOLUTIONS. 


Concentration. 

V 

(Equation  i). 

V 

(Equation  2). 

Calculated 
Osmotic 
Pressure 
(Equation  i). 

Calculated 
Osmotic 
Pressure 
(Equation  2). 

Observed 
Osmotic 
Pressure. 

549 

0*21326 

0'32435 

(I2I-2) 

(I2I'2) 

I2I-2 

449 

0-28601 

0*39664 

(87-9) 

(87*9) 

87-9 

3i9 

0-44838 

0-55824 

(53-2) 

(53'2) 

53'2 

200 
100 

0-78438 
I*679I3 

0'89357 
178789 

28-8 

12-9 

28*4 
12-4 

29-2 
I3-2 

The  constants  for  equation  (i)  are, 

A  =  43 -05 1 2,  #=3-0089,  £  =  0-06069, 
and  for  equation  (2)  they  are, 

A=  3'3845,  0=2-9706,  £  =  0-10762. 

On  comparing  the  agreement  between  the  calculated  and 
observed  osmotic  pressures,  there  seems  to  be  but  little  difference 
between  the  applicability  of  the  two  equations.  On  the  whole, 
equation  (i)  appears  to  be  the  more  satisfactory  over  the  present 
range  ;  though  it  is  probable,  according  to  Lord  Berkeley  and 
E.  G.  J.  Hartley,  that  the  second  one,  having  the  positive  sign 
for/,  may  replace  it  at  higher  dilutions.  It  appears,  however, 
that  these  equations  will  hold  good  only  over  a  limited  range  of 
values. 

Moreover,  as  Callendar73  has  stated,  the  above  method  of 
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taking  account  of  the  discrepancy  between  the  values  of  the 
osmotic  pressure  determined  experimentally  and  calculated 
according  to  the  van't  Hofif  theory  cannot  be  regarded  as  satis- 
factory because  so  many  different  types  of  equation  are  possible, 
and  the  empirical  constants  cannot  be  interpreted  or  predicted 
from  other  properties  of  the  substances  concerned. 

More  recently,  Otto  Stern 74  has  deduced  an  expression  based 
on  the  van  der  Waals  equation  for  gases,  in  which  the  simple 
equation  is  modified  by  the  introduction  of  terms  in  order  to 
correct  for  the  volume  of  the  solute  and  also  for  the  attractions 
between  the  solvent  and  solute  molecules.  In  the  case  of  solu- 
tions of  carbon  dioxide  in  several  organic  solvents,  Stern  found 
that  the  osmotic  pressure  of  concentrated  solutions  obeys  the  law 
of  ideal  gases  deduced  on  the  above  basis. 

The  equation  of  Stern  has  been  adversely  criticised  by  van 
Laar 75  who  objects  that  the  van  der  Waals  equation  cannot  be 
used  as  a  basis  of  a  general  theory  of  solutions.  It  is,  however, 
pointed  out  by  Jellinek76  that  the  van  der  Waals  equation  may  be 
employed  in  the  derivation  of  the  relation  between  the  osmotic 
pressure,  the  concentration,  and  the  temperature,  and  of  the  laws 
regulating  the  lowering  of  the  vapour  pressure,  the  lowering  of 
the  freezing-point,  and  the  elevation  of  the  boiling-point,  on  the 
basis  of  the  assumptions  of  the  additivity  of  the  volumes  of 
solvent  and  solute  and  of  the  additivity  of  the  volume  correction 
factor  b. 

Although  it  is  to  be  expected  that  any  exact  and  general 
equation  for  the  osmotic  pressure  of  concentrated  solutions  based 
on  the  gas  or  kinetic  theory  of  osmotic  pressure  will  be  much 
more  complicated  than  the  equation  for  a  gas,  it  has  been  shown 
by  O.  Sackur77  and  by  A.  W.  Porter78  that  the  simpler  formula 
of  the  type  P(V  -  b}  =  RT  is  capable  of  representing  the  values 
of  osmotic  pressure  over  a  considerable  range  of  concentration. 
In  Table  XXII  are  given  the  values  of  the  osmotic  pressure  of 
glucose  solutions  at  o°  calculated  by  Sackur  and  compared  with 
the  values  determined  experimentally  by  Lord  Berkeley  and 
E.  G.  J.  Hartley.  In  this  calculation,  V  represents  the  volume 
of  solution  in  which  I  molecule  of  solute  is  dissolved, 
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V. 

p 

Atm. 

PV 

Observed. 

PV 

Calculated  by 
Sackur. 

1-805 
0-903 

I3'2 
2Q-2 

23-9 
26-3 

24'4 
26-8 

0-565 

53*2 

30-0 

30-4 

0-402 

0-328 

87-8 

121*2 

35'2 
41-0 

35-5 
40*6 

In  the  case  of  aqueous  solutions  of  acetamide,  an  equally 
good  agreement  was  obtained  over  a  greater  range  of  concentra- 
tions. In  this  case,  however,  it  should  be  noted  that  the  experi- 
mental value  of  the  osmotic  pressure  was  not  determined  directly 
but  calculated  from  the  freezing-point  determinations  carried  out 
by  H.  C.  Jones  and  F.  H.  Getman  (Amer.  Chem.  /.,  1904,  32, 
308). 

TABLE  XXIII. 


p 

Atm. 

PV 
Observed. 

PV 
Calculated  by 
Sackur. 

23'5 

23-5 

237 

49-6 

24-8 

25'3 

79-6 

26-5 

27-0 

114 

28-5 

29-0 

148-5 

29-7 

31-0 

203 

33'8 

34'i 

272 

38-9 

38-2 

347 

43'4 

42-5 

445 

49'4 

48-2 

In  the  equation  P(V  -  b}  =  RT,  it  was  found  by  Sackur  that 
b  was  not  a  constant  but  varies  notably  with  the  temperature,  a 
variation  which  he  attributed  to  hydration  of  the  solute  molecuks 
and  to  variation  of  hydration  with  the  temperature.  That  the 
above  simple  formula,  in  which  no  factor  involving  the  mutual 
attractions  of  solute  and  of  solvent  molecules  appears,  is  applic- 
able even  at  high  concentrations  is  attributed  to  the  fact  that  the 
mutual  attraction  of  the  solute  molecules  is  counteracted  by  the 
attraction  between  the  solute  and  solvent  molecules,  a  view  which 
had  already  been  put  forward  by  Bredig.66 

The  kinetic  explanation  of  osmotic  pressure  has  also  found 
a  powerful  champion  in  A.  W.  Porter78  who  has  tested  the 
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applicability  of  the  formula  P(V  -  b}  =  RT  by  means  of  the  ex- 
perimental determinations  of  Morse  and  his  collaborators  and  of 
Lord  Berkeley  and  E.  G.  J.  Hartley.  In  Table  XXIV  are  shown 
the  results  obtained  when  the  above  formula  is  applied  to  the 
calculation  of  the  osmotic  pressure  of  cane  sugar  solutions  at  20°. 
In  this  case  b  is  taken  as  0*310  litre/mole. 

TABLE  XXIV. 


Weight-Normal 

Volume-Normal 

Osmotic  Pressure. 

Concentration 

1000  M- 

Concentration 
Moles 

rise" 

Observed 
(Morse). 

Calculated 
(Porter) 
P(i  -  0-310  c)  =  cR  293. 

O-I 

0-098 

2*59 

2*43 

0-2 

0-192 

5-06 

4-91 

0'3 

0-282 

7-61 

7*43 

0'4 

0-369 

10-14 

IO-O2 

0-5 

0-452 

12-75 

12-64 

0-6 

o*533 

15*39 

15*35 

0-7 

0*610 

18-13 

I8-09 

0-8 

0-684 

20-91 

20-87 

0-9 

0-756 

23-72 

23*74 

I-O 

0-825 

26-64 

26-64 

In  connexion  with  the  above  calculation,  it  is  to  be  noted  that 
b  has  been  taken  as  0*310,  whereas  the  volume  of  a  gram-molecule 
of  solid  sugar  is  about  0*214  litre.  The  fact  that  the  higher 
value  is  required  is  attributed  to  hydration  of  the  solute  mole- 
cules, the  difference  between  the  two  numbers,  0*96  litre,  repre- 
senting the  water  of  hydration.  This  would  correspond  with  an 
average  hydration  of  96/18  or  5*3  molecules  of  water  per  mole- 
cule of  sugar. 

TABLE  XXV. — HYDRATION  NUMBERS  FOR  SUCROSE. 


Weight-Normal 
Concentration. 

0° 

10° 

20° 

30° 

40° 

50° 

60° 

o-i 

53 

43 

45 

3 

6-9 

8-8 

"*5 

O'2 

15*8 

16 

16 

7 

5*5 

4*5 

5*8 

0-3 

10-3 

10-3 

II-2 

6-7 

6-0 

4*i 

3*5 

0-4 

7*7 

8-0 

8*3 

6-3 

6-4 

4'3 

2-8 

o*5 

6-9 

6-8 

7-2 

6-0 

6-0 

4*3 

3*o 

0-6 

6-4 

6-3 

6-5 

5*7 

5*7 

4*3 

3*2 

0-7 

5*9 

6-0 

6*3 

5-6 

5*2 

4*3 

3*2 

0-8 

5*7 

5*7 

6-5 

5'6 

5*o 

4*2 

3*3 

0-9 

5*5 

5*5 

5*8 

5*4 

5*o 

4*4 

3*3 

i-o 

5*5 

5*5 

5*8 

5*4 

4*9 

4*5 

3*6 
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Assuming  that  hydration  is  the  factor  concerned  in  the  varia- 
tion of  b,  Porter  has  calculated  from  the  series  of  measurements 
by  Morse  and  his  collaborators  (see  p.  25)  the  value  of  b  for 
each  concentration  and  temperature  required  to  make  the  equa- 
tion P(V  -  b)  =  RT  correct,  and  from  the  values  obtained  has 
calculated  the  degree  of  hydration  in  each  case.  The  hydration 
numbers  (molecules  of  water  per  molecule  of  solute)  so  obtained 
are  given  in  Table  XXV. 

In  the  same  way  have  been  calculated  the  hydration  numbers 
for  sucrose  at  o°  from  the  determinations  of  Lord  Berkeley  and 
E.  G.  J.  Hartley.  The  values  obtained  are  shown  in  Table  XXVI. 

TABLE  XXVI. 


Volume  concentration 

32-6 

go-  1 

176-8 

2567 

540-6 

659-6 

7$i'4 

(grams  per  litre)    . 

Hydration  number     . 

H 

17-6 

8-0 

5*3 

4-8 

4'4 

4-0 

Mol.  of  water  present 

550 

183 

82 

61 

24 

16-5 

13-4 

per  mol.  of  sugar   . 

However  interesting  the  above  calculations  by  Sackur  and 
by  Porter  may  be,  it  must  be  remembered  that  the  equation 
P(V  -  b}  =  RT  cannot,  and  does  not,  claim  to  be  a  complete 
and  accurate  representation  of  the  osmotic  pressure  of  solutions 
of  all  concentrations.  It  is  at  best,  and  this  is  definitely  re- 
cognized by  Porter,  an  approximation  based  on  the  hypothesis 
that  the  osmotic  pressure  is  a  bombardment  pressure  of  the 
solute  molecules  on  the  semi-permeable  membrane,  the  mutual 
attractions  between  the  solvent  and  solute  molecules  being 
neglected.  As  Professor  Porter  has  said  :  "In  concentrated  sol- 
utions it  is  unwarrantable  to  neglect  the  attractive  forces  of  the 
solute  molecules ;  and  indeed  they  may  become  the  most  im- 
portant factor.  To  recognize  this  is  in  no  way  to  give  up  the 
gas  theory ;  unless,  indeed,  it  is  claimed  that  van  der  Waals  gave 
up  the  theory  for  gases  themselves  when  he  wrote  his  famous 
treatise  on  the  continuity  of  the  liquid  and  gaseous  states.  Nor 
must  it  be  expected  that  the  equation  for  osmotic  pressure  will 
be  identical  with  the  characteristic  equation  of  a  simple  gas.  In 
the  osmotic  problem  we  are  dealing  with,  at  least,  a  binary 
mixture.  This  is  a  type  of  problem  which  has  been  tackled  by 
the  Dutch  School  of  physicists ;  but  it  is  not  surprising  that 
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their  efforts  at  present  are  only  tentative.  The  true  characteristic 
equation  for.  a  simple  fluid  is  not  yet  known  ;  the  problem  of  the 
binary  mixture  is  a  much  harder  one." 

In  view  of  what  has  just  been  quoted,  the  writer  finds  it 
difficult  to  attach  any  great  importance  to  the  hydration  numbers 
given  in  Tables  XXV  and  XXVI.*  As  has  been  pointed  out  by 
G.  Senter 79  these  calculations  are  by  no  means  convincing.  "  As 
the  value  of  b  which  fits  the  formula  at  20°  is  0*310  litre/mole, 
he  (Porter)  assumes  that  the  difference  between  this  value  and 
that  of  a  gram-molecule  of  sugar  (0*214  Ktre/mole)  is  due  to 
hydration  of  the  solute,  and  proceeds  to  calculate  the  average 
hydration  of  the  sugar  molecules  on  this  basis.  There  is  no 
evidence,  however,  that  the  true  value  of  b  in  the  absence  of 
hydration  would  correspond  with  the  volume  of  the  solute  at  that 
temperature,  nor  is  there  any  evidence  that  0*2 1 4  litre/mole  is 
four  times  the  actual  volume  of  the  sugar  molecule  (in  the  sense 
of  van  der  Waals'  equation)."  f  From  the  experiments  of  S. 
Horiba,80  it  would  appear  that  the  molecular  volume  of  the 
solute  in  a  solution  increases  with  increase  of  its  concentration, 
while  the  molecular  volume  of  the  solvent  decreases  with  in- 
crease of  concentration. 

Although  we  may  one  day  hope  to  obtain  a  general  equation 
for  solutions  based  on  the  molecular,  kinetic  theory,  that  day  has 
not  yet  come  ;  and  it  is  open  to  doubt  whether,  when  that  general 
equation  is  obtained,  it  will  bear  much  resemblance  to  the  general 
gas  equation.  To  regard  the  van't  Hoff  theory  as  a  general 
theory  of  solutions  (although  explicitly  recognized  by  van't  Hoff 
as  not  being  so),  or  even  to  accept  it  in  the  amended  form 
p(V  -  b)  =  RT,  and  then  to  attempt  to  bring  it  into  harmony 

*  The  great  increase  in  the  hydration  of  cane  sugar  with  dilution,  e.g. 
from  O42  to  o-i  weight-normal  concentration,  would  be  contrary  to  the  law  of 
mass  action  if  one  assumes  that  the  process  of  hydration  follows  the  scheme 
S  +  nHzO  ^*  S(H2O)«,  and  that  the  value  of  n  is  small.  But  the  case  will 
be  different  if  n  is  large.  Porter,  however,  is  of  opinion  that  the  process  of 
hydration  is  not  the  simple  one  indicated  by  the  above  scheme,  leading  to  the 
formation  of  a  single  definite  compound,  but  that  in  a  solution  of  cane  sugar 
there  will  be  hydrates  of  many  degrees  of  complexity.  In  this  case  the  mass 
law  equation  would  be  so  flexible  as  to  fit  almost  any  experimental  data 
(Trans.  Faraday  Soc.,  1917,  13,  189). 

tT.  W.  Richards  (/.  Amer.  Chem.  Soc.,  1914,  36,  2417)  has  shown  that 
b  is  nearly  equal  to  the  actual  volume  of  the  molecule. 
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with  the  results  of  experiment  in  the  case  of  concentrated  solu- 
tions by  the  introduction  of  various  ad  hoc  hypotheses  (such  as 
the  hypothesis  of  hydration)  not  capable  of  independent  proof,  is, 
in  the  opinion  of  the  writer,  scarcely  a  logical  method  of  pro- 
cedure.* 

Similar  in  form  to  the  gas  equation  used  by  Sackur  and  by 
Porter  is  the  equation  used  by  Morse  for  the  calculation  of  os- 
motic pressure.81  During  the  course  of  their  investigations, 
Morse  and  his  collaborators  found  that  better  agreement  was  ob- 
tained between  the  experimental  and  the  calculated  values,  if  the 
assumption  is  made  that  the  osmotic  pressure  is  equal  to  the 
pressure  which  the  solute  would  exercise  if  it  existed  as  a  gas  in 
the  volume  occupied  by  the  solvent  at  4°,  not  by  the  solution,  as 
according  to  the  van't  HofT  theory.  This  modification  of  the 
van't  Hoff  theory  may  be  regarded  as  nearly  equivalent  to  the 
use  of  the  term  V  -  b,  instead  of  V,  where  V  is  the  volume  of 
the  solution  and  b  is  a  correction  term  for  the  volume  of  the 
solute  molecules  ;  a  correction  which  is  specially  large  in  the  case 
of  a  substance  with  high  molecular  weight  like  cane  sugar.  In 
making  this  assumption,  however,  and  in  expressing  the  concen- 
tration of  the  solution  in  terms  of  weight  normality,  instead  of 
volume  normality,  Morse  and  his  collaborators  did  not  wish  to 
be  regarded  as  upholding  the  gas  or  any  other  theory  of  osmotic 
pressure.82  That  the  volume  of  the  solvent  at  its  temperature  of 
maximum  density  (4°)  was  adopted  instead  of  the  volume  at  the 
temperature  of  experiment  was  due  to  the  fact  that  it  was  ob- 
served that  thereby  the  results  appear  to  be  slightly  more  har- 
monious among  themselves.  That  the  values  of  osmotic  pressure 
calculated  on  the  basis  adopted  by  Morse  and  his  collaborators 
are  in  closer  agreement  with  the  experimental  values  than  are 
these  calculated  according  to  van't  Hoff,  is  seen  from  Table 
XVII,  p.  42. 

The  great  simplicity  of  the  van't  Hoff  gas  equation  for  os- 
motic pressure  was  attained  owing  to  the  introduction  of  simpli- 
fying assumptions  which  are  not  valid  in  the  case  of  concentrated 

*  For  a  fuller  discussion  of  the  equation  put  forward  by  Porter  and  of  the 
kinetic  explanation  of  osmotic  pressure,  see  Trans.  Faraday  Soc.,  1917,  13, 
1 56,  and  also  the  papers  by  Ehrenfest  and  by  van  Laar  (Proc,  K.  Akad. 
Wetensch,  Amsterdam,  1915,  17,  1241  ;  1917,  18,  184).  See  also  Ehrenfest, 
Annalen  d.  Physik,  1915,  48,  369. 
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solutions.  In  order,  therefore,  to  obtain  a  general  equation  for 
solutions,  it  will  be  better  to  go  back  once  more  to  the  general 
thermodynamic  equation  ;  but  instead  of  introducing  the  simpli- 
fying assumption  that  the  solution  is  infinitely  dilute,  we  shall 
introduce  the  assumption  that  the  solution  is  "  perfect "  or 
"  ideal  ".  By  this  means,  the  thermodynamic  equation  can  be 
simplified,  just  as  the  general  gas  equation  is  simplified  by  in- 
troducing the  assumption  of  a  perfect  gas. 

This  method  of  obtaining  an  expression  for  the  quantitative 
relationships  of  solutions  was  first  followed  by  the  Dutch 
physicists  Boldingh,83  van  der  Waals,84  and  van  Laar,85  who  as 
long  ago  as  1 893-4  had  deduced  exact  equations  for  the  physical 
properties  of  solutions,  which  were  independent  of  the  concentra- 
tion. Similar  equations  have  also  been  deduced  by  Willard 
Gibbs,8*  T.  Ewan,87  J.  E.  Trevor,88  G.  N.  Lewis,89  and  E.  W. 
Washburn.90  A  good  account  of  the  theory  of  ideal  solu- 
tions, with  applications  to  different  solutions,  is  given  by  K. 
Ikeda.91 

The  complete  thermodynamic  equation  for  solutions  will 
involve  factors  the  value  of  which  will  vary  from  case  to  case, 
and  will  depend  on  the  number  of  components  forming  the 
solution,  on  the  molecular  state  of  the  components,  on  the 
change  of  volume  which  occurs  on  mixing,  on  the  heat  of  dilu- 
tion, compressibility  of  the  solution,  etc.  The  expression  would 
therefore  be  a  very  complicated  one,  and  it  is  necessary  to  intro- 
duce some  simplification.  Such  simplification  can  be  introduced 
if  we  assume  that  we  are  dealing  with  a  solution  of  only  two 
completely  miscible  components  and  that  these  components  have 
normal  molecular  weight,  that  is,  they  undergo  neither  dissocia- 
tion nor  association.  Further,  it  will  also  be  assumed  that  the 
components  do  not  interact  with  each  other,  and  that  there  is 
neither  change  of  the  total  volume  nor  any  heat  effect  when  the 
solution  is  diluted.  By  the  introduction  of  these  assumptions  we 
obtain  the  simplest  case  of  a  homogeneous  mixture  of  two  com- 
ponents, namely,  that  of  which  the  properties  are  intermediate 
between  the  properties  of  the  pure  components  and  can  be  calcu- 
lated from  these  properties  by  means  of  the  mixture  formula. 
Such  a  solution  is  called  an  ideal  or  perfect  solution. 

If  it  is  assumed  that  the  vapour  of  the  solvent  follows  the 
laws  of  a  perfect  gas,  the  relationship  between  the  osmotic  pres- 
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sure  of  a  solution  and  the  vapour  pressure  is   given    by   the 
equation 


Where  P  is  the  osmotic  pressure,  and  p0  and/  are  the  vapour 
pressures  of  the  pure  solvent  and  of  the  solution  respectively  at 
the  temperature  T.  V0  is  the  molecular  volume  of  the  solvent 
under  the  standard  pressure.  If  the  validity  of  Raoult's  law  be 

accepted,*  that  is,  if  -^-  —  =  ^—-  ,  where  n  and  N  are  the  num- 

Po          i\  -r  n 

ber  of  moles  of  solute  and  of  solvent  respectively,  we  obtain 

-    .  (4) 


x  being  the  molar  fraction  of  the  solute    ^  -  ),  or  the  ratio 

\iN  +  nj 

of  the  number  of  solute  molecules  to  the  total  number  of  mole- 
cules present. 

By  expanding  the  term  [  -  loge(i  -x)]  in  the  form  of  a  series, 
we  obtain 


P=         (x  +  i**  +1*  +   .  .  .)      .         .     (5) 

V0 

In  the  above  equations  the  compressibility  of  the  solvent  has 
been  neglected.  If  a  is  the  coefficient  of  compressibility  of  the 
solvent,  the  osmotic  pressure  of  an  ideal  solution  can  be  repre- 
sented by  the  equation 


The  coefficient  of  compressibility  is  open  to  experimental  de- 
termination, but  it  is  obvious  that  the  compressibility  factor  will 
be  negligible  except  under  very  high  pressures. 

Experimental  Verification  of  the  Theory  of  Ideal  Solutions. 

For  the  theory  of  "  ideal  "  solutions  which  has  here  been 
stated  as  a  thermodynamic  deduction  on  the  basis  of  certain 
assumptions,  it  is  desirable  to  obtain  experimental  confirmation. 
Such  confirmation  could  not  be  looked  for  in  the  case  of  aqueous 
solutions,  with  which  practically  all  direct  measurements  of 
osmotic  pressure  have  been  carried  out,  because  such  solutions, 

*  It  has  not  yet  been  definitely  established  that  the  Raoult  law  is  rigidly 
applicable  over  a  wide  range  of  concentration, 


56  OSMOTIC  PRESSURE 

as  we  shall  see  more  fully  later,  do  not  satisfy  the  definition  of 
"ideality".  Verification  of  the  thermodynamic  equation  must 
therefore  be  looked  for  in  other  directions. 

It  has  already  been  said  that  the  osmotic  work  PV  represents 
the  energy  required  to  separate  isothermal ly  and  reversibly  a 
volume  V  of  solvent  from  a  solution  having  the  osmotic  pressure 
P,  by  means  of  a  perfectly  semi-permeable  membrane.  The  same 
volume  of  solvent  can,  however,  be  separated  from  the  solution 
in  other  ways,  e.g.  by  evaporation  or  by  freezing ;  and  in  these 
cases  the  free  surface  layer  of  the  solution,  and  the  bounding  sur- 
faces of  the  crystalline  solvent  act,  as  it  were,  as  the  semi-permeable 
membranes.  If  these  processes  are  carried  out  isothermally  and 
reversibly,  the  work  done  must  be  the  same  as  when  the  separa- 
tion of  solvent  is  effected  mechanically  by  means  of  a  semi-per- 
meable piston.  There  must,  therefore,  be  a  definite  relationship 
between  the  osmotic  pressure,  the  vapour  pressure,  and  the  freez- 
ing-point of  a  solution  ;  so  that  if  we  determine  the  vapour  pressure 
or  the  freezing-point  of  a  solution  relatively  to  that  of  the  pure 
solvent,  we  are  enabled  to  calculate  the  osmotic  pressure  of  the 
solution.  This  fact  is  of  the  highest  importance  in  connexion  with 
the  quantitative  study  of  concentrated  solutions ;  for  it  must  be 
evident  from  what  was  stated  previously  that  the  difficulties  sur- 
rounding the  direct  determination  of  osmotic  pressures  (e.g.  diffi- 
culty of  securing  a  perfectly  semi-permeable  membrane)  are  so 
great  as  to  preclude  all  hope  of  obtaining  direct  measurements 
of  osmotic  pressure  sufficiently  varied  and  extended  in  scope  to 
furnish  an  experimental  basis  for  a  general  theory  of  solutions. 
By  means  of  freezing- point  determinations,  however,  and  of  vapour 
pressure  measurements,  the  quantitative  relationships  can  be  as- 
certained not  only  for  a  great  variety  of  solvents  but  also  for  a 
wide  range  of  concentration  and  of  temperature.  Such  measure- 
ments, moreover,  can  be  carried  out  with  greater  accuracy  than 
the  direct  determinations  of  osmotic  pressure ;  and  it  is,  there- 
fore, to  such  measurements  that  we  must  chiefly  look  for  ex- 
perimental verification  of  the  thermodynamic  equations. 

The  thermodynamic  equation  connecting  the  osmotic  pressure 
with  the  vapour  pressure  of  solutions,  has  been  worked  out  by 
several  mathematicians,  to  whom  reference  will  be  made  later 
(Chap.  VII).  For  the  present  the  relationship,  as  we  have  seen 
on  p.  55,  may  be  written  thus ;— 
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where  P  is  the  osmotic  pressure,  V0  is  the  molecular  volume  of 
the  solvent,  p  is  the  vapour  pressure  of  the  solution  and  p0  the 
vapour  pressure  of  the  solvent.  In  this  simplified  expression  the 
compressibility  of  the  solution  is  neglected,  and  the  assumption 
has  also  been  made  that  the  vapour  follows  the  gas  laws.  By 
means  of  this  equation  the  fundamental  equation  (4)  can  be  tested. 

To  carry  out  this  test  it  is,  of  course,  necessary  to  employ 
solutions  which  can  be  regarded  as  "  ideal  "  ;  and  this  require- 
ment is  satisfied  by  a  number  of  mixtures  of  organic  hydrocar- 
bons and  halogen  compounds.  In  the  case  of  such  solutions  the 
partial  vapour  pressure  of  each  of  the  components  is  proportional 
to  its  molar  fraction,  and  obeys  therefore  the  simple  law  of 
mixtures. 

When,  now,  the  above  equation  (3)  is  applied  to  such  solu- 
tions, the  vapour  pressure  law  and,  consequently,  the  fundamental 
equation  (4)  are  found  to  be  verified.  This  is  seen  from  Table 
XXVII,  which  refers  to  mixtures  of  ethylene  bromide  and  propy- 
lene  bromide.  The  vapour  pressures  of  these  solutions  have  been 
determined  by  v.  Zawidzki 92  and  the  osmotic  pressures  have  been 
calculated  therefrom  by  Lewis.89 

In  the  following  table  the  first  column  gives  the  molar  fraction 
of  propylene  bromide  (the  "  solute ") ;  the  second,  the  partial 
pressure  of  ethylene  bromide  (the  "  solvent  ")  ;  and  the  succeeding 
columns  give  the  values  of  the  "  osmotic  pressure,"  calculated 
respectively  by  the  equations  of  van't  Hoff,  and  of  Morse,  and 
by  the  thermodynamic  equation  (4)  for  ideal  solutions.  In  the 
last  column  are  given  the  values  of  the  osmotic  pressure,  calculated 
by  the  equation  (3). 

TABLE  XXVII. — PROPYLENE  BROMIDE  AND  ETHYLENE  BROMIDE  AT  85°. 


Molar  Fraction 
of  Propylene 
Bromide. 

Partial  Vapour 
Pressure  of 
Ethylene  Bromide. 

van't  Hoff. 

Morse. 

Equation  (4). 

Equation  (3). 

O'O 

172-6 

_ 

_ 

0-147 

I45-I 

47 

55 

51 

55 

0-298 

I2I-I 

90 

136 

"3 

114 

0-526 

8rg 

150 

351 

241 

240 

0-720 

48-0 

198 

820 

412 

414 

0-860 

23'5 

232 

1960 

640 

649 

0-915 

I3'8 

241 

344° 

806 

827 

' 
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The  above  table  illustrates  how  closely  the  thermodynamic 
equation  for  ideal  solutions  agrees  with  the  results  of  experiment, 
and  serves,  at  the  same  time,  to  illustrate  the  inadequacy  both 
of  the  van't  Hoff  and  of  the  Morse  method  of  calculating  osmotic 
pressures  in  the  case  of  concentrated  solutions.  Since  the  con- 
centration of  the  solution  varies  from  o  per  cent  to  about  90  per 
cent  of  one  component  (propylene  bromide),  the  value  of  the 
thermodynamic  equation  as  representing  a  general  theory  of 
solutions,  as  well  also  as  the  value  of  the  conception  of  ideal 
solutions,  are  well  illustrated.  The  equation  is  found  to  hold 
equally  well  in  the  case  of  a  considerable  number  of  other  binary 
mixtures  of  normal,  completely  miscible  liquids.90 

Temperature  Coefficient  of  Osmotic  Pressure. 

In  deducing  the  equation  for  the  relationship  between  the 
osmotic  pressure  and  the  concentration  in  the  case  of  ideal  solu- 
tions, the  assumption  was  made,  as  part  of  the  definition  of  an 
ideal  solution,  that  there  is  no  change  in  the  total  volume  and 
no  heat  effect  on  dilution.  In  considering  the  influence  of  tem- 
perature on  the  osmotic  pressure,  it  is  necessary  to  take  the 
heat  of  dilution  into  account. 

As  the  general  thermodynamic  equation  for  the  diminution 
of  the  free  energy  in  an  isothermal  reversible  process,  we  have 
the  well-known  expression, 


where  F  is  the  diminution  of  the  free  energy  and  Q  the  decrease 
of  the  total  energy  at  the  absolute  temperature  T.  In  the  case 
where  I  gram  of  solvent  passes  reversibly  and  isothermal  ly  into 
a  large  quantity  of  solution  through  a  semi-permeable  membrane 
the  diminution  of  the  free  energy  is  represented  by  Pz/s,  where  P 
is  the  osmotic  pressure  and  vs  is  the  increase  of  volume  produced. 
If  Q  is  the  heat  of  dilution  at  constant  temperature,  we  obtain 
the  expression,  93 


...    (8) 

The  value  of  vs  is  given  by  the  equation,94 
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where  8  is  the  density  of  the  solution  and  s  is  the  weight  of  solute 
contained  in  I  gram  of  solution. 

In  order  to  integrate  the  differential  equation  (8),  it  is  necessary 
to  know  how  Q  varies  with  the  temperature,  and  this  must  be 
determined  experimentally.  The  general  effect  of  heat  of  dilution 
on  the  osmotic  pressure  can,  however,  be  obtained  by  making 
various  assumptions  with  regard  to  the  heat  of  dilution  and  its 
variation  with  the  temperature. 

On  the  assumption  that  Q  =  o,  the  integral  of  equation  (8) 
becomes 

P  V      P  V" 

-^=5p   ....   (I0) 

•M  12 

where  Vs  is  the  increase  of  volume  when  i  mole  of  solvent  is 
added  to  the  solution.  That  is  to  say,  the  product  PVS  is  pro- 
portional to  the  absolute  temperature. 

From  this,  then,  it  will  be  seen  that  in  order  that  the  van't 
Hoff-Gay-Lussac  law  shall  be  valid,  it  is  necessary  that  the  heat 
of  dilution  shall  be  zero,  and  at  the  same  time  that  the  volume 
change  on  dilution  shall  be  independent  of  the  temperature. 
Obviously  both  these  conditions  will  be  satisfied  in  the  case  of 
infinitely  dilute  solutions.  In  the  case  of  concentrated  solutions, 
however,  it  is  equally  obvious  that  simple  proportionality  between 
osmotic  pressure  and  the  absolute  temperature  will  not  obtain, 
when  the  heat  of  dilution  has  an  appreciable  value,  unless  there 
are  concomitant  and  compensatory  changes  in  Vs  ;  which  is 
scarcely  to  be  regarded  as  probable,  but  which  can,  in  any  given 
case,  be  determined. 

If,  however,  the  heat  of  dilution  is  not  equal  to  zero,  the 
form  of  equation  giving  the  variation  of  osmotic  pressure  with 
the  temperature  will  depend  on  the  manner  of  variation  of  Q 
with  the  temperature.  If,  for  example,  Q  is  constant,  inde- 
pendently of  the  temperature,  then  one  obtains,  on  integrating 
equation  (8), 


. 


That  is  to  say,  PV5  -  Q  is  proportional  to  the  absolute  tem- 
perature ;  or  the  osmotic  work  is  proportional  to  the  absolute 
temperature  plus  Q. 

When  Q  is  not  independent  of  the  temperature,  other,  more 
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complicated,  relationships  are  obtained  between  the  osmotic 
pressure  and  the  temperature. 

It  is  worthy  of  special  note  that  when  the  heat  of  dilution  is 
appreciable,  the  osmotic  pressure  cannot  be  calculated  from  the 

"PT* 

simple  relationship  P  =  — — -.     Where  there  is  a  marked  evolution 

of  heat  on  dilution/ the  osmotic  pressure  obtained  will  be  abnor- 
mally high  (as  compared  with  an  ideal  solution) ;  and  consequently, 
when  molecular  weights  are  calculated  from  these  values,  abnor- 
mally low  results  will  be  obtained.  It  is  necessary,  therefore,  in 
such  cases  to  take  the1  heat  of  dilution  into  account,  as  has  been 
emphasized  in  recent  years  by  T.  Ewan,93  W.  D.  Bancroft,93  and 
others. 

The  importance  of  this  is  seen,  for  example,  in  the  case  of 
solutions  of  sulphuric  acid  in  water,  where  there  is  a  marked 
positive  heat  of  dilution.  As  Bancroft  has  shown,  when  one 
calculates  the  molecular  weight  of  sulphuric  acid  from  the  osmotic 
pressure  of  its  solutions,  values  ranging  from  577  in  a  5*6  per 
cent  solution,  to  117  in  a  68-5  per  cent  solution  are  obtained 
if  the  heat  of  dilution  is  neglected.  If,  however,  the  heat  of 
dilution  is  taken  into  account,  the  molecular  weights  obtained 
increase  with  increasing  concentration,  as  one  would  expect.* 

Even  in  the  case  of  what  one  might  justly  call  dilute  solu- 
tions, it  will  not  be  possible  to  calculate  accurately  the  osmotic 
pressure  of  a  solution  from  the  simple  formula  PV  =  RT,  if  the 
heat  of  dilution  is  large,  and,  consequently,  molecular  weights 
calculated  from  such  osmotic  pressure  will  also  be  erroneous. 

*  For  the  calculation  of  the  molecular  weight  of  alcohol  in  benzene,  see 
F.  Viala  (Bull.  Soc.  Chim.  de  France,  1914  [4]>  *5»  5)»  and  W.  A.  Gibbons, 
(/.  Physical  Chem.,  1917,21,  48). 


CHAPTER  VI. 

DISCUSSION  OF  THE  OSMOTIC  PRESSURE  OF  AQUEOUS  SOLUTIONS 
OF  CANE  SUGAR  IN  THE  LIGHT  OF  THE  THEORY  OF  IDEAL 
SOLUTIONS. 

WE  have  already  seen  that  for  ideal  solutions  the  relation  be- 
tween osmotic  pressure  and  concentration  can  be  represented  by 
equation  (4),  or  the  identical  equation  (5).  The  latter  equation 
can  also  be  written  in  the  form 

"PT* 


If  the  concentration  of  the  solution  is  expressed  in  terms 
of  c  gram-rnolecules  of  solute  in  1000  grams  of  water  (as  was 

done  by  Morse),  we  can  put  x  =  -       — ,  where  55*5  represents 

number  of  gram-molecules  in  1000  grams  of  water,  if  the  associa- 
tion of  the  latter  is  neglected.  Since  the  molecular  volume  of 
water  at  20°  is  1001-8/5 5 '5  (neglecting  association),  we  may 
write : — 

81-6x293x55-5          c 
ioor8         *55*5  +  <: 

which  is  the  expression  for  the  osmotic  pressure  of  solutions 
at  20°,  if  we  regard  the  solution  as  being  "  ideal ".  In  Table 
XXVIII  the  osmotic  pressure  of  cane-sugar  solutions  at  20°  has 
been  calculated  by  means  of  this  equation.* 

From  the  table  on  next  page  it  will  be  seen  that  the  values  of 
the  osmotic  pressure  calculated  by  the  method  of  Morse  are  prac- 
tically identical  with  those  calculated  according  to  the  equation 
(13).  The  reason  for  this  is  not  far  to  seek.  Morse,  as  has 

*  It  should  be  noted  that  in  equation  (13)  the  value  of  R  has  been  taken 
as  8 1 -6  (c.c.,  atm.),  instead  of  the  more  usual  value  82*07,  because  Morse 
based  his  calculations  on  the  standard  H  =  i. 

61 


62  OSMOTIC  PRESSURE 

TABLE  XXVIII.—OsMOTic  PRESSURE  OF  CANE  SUGAR  SOLUTIONS  AT  20*. 


Osmotic  Pressure  Calculated  according  to 

Weight-Normal 

Osmotic  Pressure 

Concentration. 

Observed. 

Morse. 

Equation  (13). 

O-I 

2-59 

2-39 

2-38 

0*2 

5'06 

4-78 

4-76 

0-3 

7-6l 

7-17 

7-14 

o*4 

10-14 

9-56 

9*51 

o'5 

1275 

"•95 

11-87 

0-6 

i5'39 

I4'34 

14-24 

0-7 

18-13 

16-73 

16-59 

0-8 

20-91 

19-12 

18-94 

0-9 

2372 

21-51 

21-29 

ro 

26-64 

23-90 

23-64 

already  been  pointed  out,  expressed  the  osmotic  pressure  as  a 
function  of  the  concentration  represented  by  ^  or  by  the  ratio 
of  the  number  of  solute  molecules  to  solvent  molecules.  This  ratio 


can  also  be  written  in  the  form 


i  -x 


where  x  is  the  molar  frac- 


tion of  the  solute.     The  equation  of  Morse  therefore  takes  the 
form 

RT  ,  ,  x     RT  ,        .      . K 


It  must,  however,  be  remembered  that  in  the  equation  as  used 
by  Morse,  V0  refers  to  the  temperature  of  4°  and  not  to  that  of 
the  experiment. 

The  further  difference  between  equation  (14)  and  equation 
(13)  for  ideal  solutions,  appears  only  in  the  term  x*  (and  higher 
powers  of  x)  and  will  therefore  become  appreciable  only  at 
higher  concentrations*  and  at  higher  temperatures  (owing  to 
the  variation  of  V0). 

*  In  view  of  the  fact  that  the  success  which  attended  the  application  of 
Morse's  method  of  expressing  concentration  to  the  calculation  of  osmotic 
pressures,  has  led  other  workers  (e.g.  H.  E.  Armstrong  and  his  collaborators  ; 
cf.  Walden,  Zeitschr.  physikal.  Chem.,  1907,  58,  500)  to  adopt  that  method 
also  in  connexion  with  their  investigations  of  concentrated  solutions,  the 
above  relationship  may  be  emphasized.  The  special  virtue  of  the  Morse 
method  of  calculation,  which  was  previously  employed  in  connexion  with 
concentrated  solutions  by  Cohen  (Zeitschr.  physikal.  Chem.,  1897,  23,  442), 
lies  not  in  its  being  a  modification  of  the  van't  Hoflf  equation  on  the  lines  of 
the  van  der  Waals  correction  for  gases,  but  in  its  being  an  approximation  to 
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A  comparison  of  equation  (4)  with  that  of  van't  Hoff  will 
show  very  clearly  the  nature  of  the  simplifying  assumptions 
introduced,  and  will  explain  the  inadequacy  of  the  van't  Hoff 
equation  when  applied  to  concentrated  solutions. 

Since  x  represents  the  molar  fraction,  equation  (5)  ca~n  ~be 
written  in  the  form 


If,  now,  the  assumption  is  made  that  the  solution  is  very 
dilute,  then  (~?L-\  becomes  equal  to  —  ,  n  being  negligible 
compared  with  N.  When,  however,  this  is  so,  it  follows  that  the 
fraction  f_?L  becomes  very  small  and  consequently 


and  higher  powers  of  the  fraction  become  negligible.     For  very 
dilute  solutions,  therefore,  the  thermodynamic  equation  reduces  to 


no 

"  V0    N 

But  NV0  represents  the  volume  of  the  water  in  the  solution, 
and  this,  in  the  case  of  very  dilute  solutions,  can  be  put  equal  to 
the  volume  of  the  solution  itself.  For  the  limiting  case  of  very 
dilute  solution,  therefore,  we  obtain  the  van't  Hoff  equation 

....     (16) 


where  V  is  the  volume  of  the  solution. 

Deviations  of  Aqueous  Solutions  from  the  Ideal  Condition. 

From  Table  XXVIII  it  is  seen  that  although  the  values  of 
osmotic  pressure  obtained  by  means  of  the  thermodynamic  equa- 
tion (13)  are  in  considerably  better  agreement  with  the  observed 
values  than  are  those  calculated  according  to  the  theory  of  van't 
Hoff,  the  two  sets  of  values  are  by  no  means  in  perfect  concord- 
ance. We  must,  therefore,  conclude  that  in  the  case  of  the 
solutions  under  consideration,  one  or  more  of  the  assumptions 
introduced  in  the  deduction  of  the  thermodynamic  equation  is 

the  general  thermodynamic  equation.  Being  merely  an  approximation,  it 
will  necessarily  have  its  limitations,  which  should  be  borne  in  mind  when 
making  use  of  it. 
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no  longer  valid ;  that  is  to  say,  these  solutions  do  not  accord 
with  the  definition  of  ideal  solutions  which  was  stated  previously. 
The  assumptions  made  were  : — 

1.  The  components  of  the  solution  are  neither  associated  nor 
dissociated. 

2.  The  components  of  the  solution  do  not  interact  with  each 
other. 

3.  The  components  of  the  solution  mix  without  change  of 
volume  or  heat  effect. 

4.  The  solvent  is  incompressible. 

With  regard  to  these  assumptions,  it  may  be  said  that  Nos. 
3  and  4  are  open  to  experimental  determination,  and  the  extent 
of  their  validity  can  therefore  be  defined  ;  in  the  case  of  the 
fourth  assumption,  it  is  obvious  that  this  can  introduce  an  ap- 
preciable error  only  at  very  high  pressures.  The  importance  of 
the  heat  of  dilution  has  already  been  pointed  out  (p.  5  8).  The 
first  and  second  assumptions,  however,  are  not  open,  in  the  same 
direct  manner,  to  experimental  determination  ;  and  it  is  in  con- 
nexion with  these  assumptions  that  hypotheses  regarding  the 
nature  and  constitution  of  solutions  can  rightly  claim  con- 
sideration. 

So  far  as  the  aqueous  solutions  of  cane  sugar,  which  are  at 
present  under  consideration,  are  concerned,  it  is  clear  that  the 
first  property  postulated  for  ideal  solutions  is  not  possessed  by 
them  ;  for  it  may  certainly  be  concluded  that  water  is  associated. 
This  fact,  then,  should  be  taken  into  account  in  applying  the 
thermodynamic  equation  ;  that  is  to  say,  the  molecular  volume,* 

V0,  at  20°,  will  not  be  equal  to ,  but  to  ,  where  a  re- 

55'5  55'5-^-a 

presents  the  association  factor.     Taking,  according  to  van  Laar,9* 

the  value  of  a  as  equal  to  1*65  at  20°,  we  obtain  V0=  -       -  ; 

34 

and  if  the  osmotic  pressure  of  a  weight-normal  solution  be  now 
calculated  by  means  of  the  general  thermodynamic  equation,  one 
obtains  the  value  23*50  in  place  of  the  previous  value  23*64 

*  It  may  again  be  recalled  that  the  use  of  V0  in  the  equation  for  concen- 
trated solutions  involves  the  assumption  that  there  is  no  change  in  volume  on 
dilution.  This  is  nearly  true  in  the  case  of  solutions  of  cane  sugar.  See, 
however,  Lord  Berkeley,  E.  G.  J.  Hartley,  and  C.  V.  Burton,  Phil.  Trans., 
1908,  A,  209,  177. 
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(Table  XXVIII).  Up  to  this  concentration,  therefore,  the  in- 
fluence of  association  of  the  solvent  is  but  slight. 

Since  differences  are  still  found  between  the  experimental 
values  of  the  osmotic  pressure  and  those  calculated  by  the 
thermodynamic  equation,  we  are  led  to  the  conclusion  thaF  the 
remaining  assumption  is  not  justified,  and  that  the  further  de- 
viations are  due  to  association  or  dissociation  of  the  solute  or  to 
hydration  or  combination  of  the  solvent  and  solute.  The  last 
mentioned  seems  the  most  plausible  assumption. 

If  it  be  assumed  that  one  molecule  of  solute  combines,  on 
an  average,  with  /3  molecules  of  solvent,  we  must  introduce  into 


equation  (13)  the  factor 


(where  c  is  the  concentra- 


tion of  the  hydrated  molecules)  in  place  of 


Introducing 


the  further  assumption  that  y3=5,  and  that  it  remains  constant 
throughout  the  range  of  concentration  studied,  we  obtain  the 
values  given  in  the  following  Table  XXIX.  In  the  last  two 
columns  of  this  table  are  given  the  values  of  osmotic  pressure 
calculated  on  the  assumptions,  respectively,  that  water  is  not 
associated  and  that  it  is  associated  (a=  1*65). 

TABLE  XXIX. — OSMOTIC  PRESSURE  OF  CANE  SUGAR  SOLUTIONS  AT  20°. 


Osmotic  Pressure  calculated  according  to  Equation  (13). 

Weight- 
Normal 
Concentration. 

Osmotic 
Pressure 
Observed. 

Assuming  no 
Hydration  of 
Solute  and  no 

Assuming  no 
Hydration  of 
Solute  but  Asso- 

Assuming Hydration=sH2O 

Association  of 

ciation  of  Sol- 

Solvent not 

Solvent 

Solvent. 

vent. 

Associated. 

Associated. 

O-I 

2'59 

2-38 

2-38 

2-4l 

2-42 

O'2 

5-06 

476 

476 

4-85 

0-3 

7-61 

7-14 

7*13 

7-33 

7'45 

0-4 

10*14 

Q-SI 

9'49 

9-87 

0-5 

1275 

11-87 

11-84 

12-43 

12-78 

0-6 

15-39 

14-24 

14-19 

15-05 

— 

07 

18-13 

16-59 

16-53 

1771 

18-40 

0-8 

20-91 

18-94 

18-85 

20-42 

— 

0-9 

2372 

21-29 

21*19 

23*15 

24-37 

I-O 

26-64 

23-64 

23*50 

25-96 

27-50 

From  the  above  table  it  is  seen  that  by  assuming  that  cane 
sugar  forms  a  pentahydrate,  but  that  the  water  is  non-associated, 
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values  are  obtained  for  the  osmotic  pressure  which  are  in  good 
agreement  with  those  observed,  although  the  former  are  all 
somewhat  lower  than  the  latter.  If  it  is  assumed  that  the  water 
is  associated  as  well  as  that  the  sugar  is  hydrated,  fair  agreement 
between  the  calculated  and  observed  values  is  also  obtained,  but 
in  this  case  the  calculated  values  become  greater  than  the  ob- 
served values,  in  the  more  concentrated  solutions.  If  it  is  as- 
sumed that  the  water  is  not  associated  but  that  the  cane  sugar 
forms  a  hexahydrate,  the  calculated  osmotic  pressure  of  a  weight- 
normal  solution  is  26*47  atm.,  which  is  in  practically  exact 
agreement  with  the  observed  value.  In  making  these  calcula- 
tions, no  account  has  been  taken  of  a  possible  alteration  in  the 
association  of  the  water  by  the  presence  of  the  solute.  Since, 
however,  there  exists  at  present  no  independent  means  of  decid- 
ing the  exact  degree  of  association  of  water  in  the  aqueous  solu- 
tion, nor  the  degree  of  hydration  of  the  solute,  it  appears  to  be 
doubtful  whether  any  more  definite  conclusion  can  be  drawn 
than  that  in  aqueous  solution  at  20°,  cane  sugar  is  hydrated  to 
the  extent  of  approximately  5H2O.  Moreover,  this  degree  of 
hydration  appears  to  remain  nearly  constant  over  the  range  of 
concentrations  investigated,  for  Callendar 55  has  shown  that  the 
osmotic  pressures  calculated  on  this  assumption  (but  neglecting 
association  of  the  water)  agree  with  the  values  determined  at  o° 
by  Lord  Berkeley  and  E.  G.  J.  Hartley,  as  is  seen  from  Table 
XXX  (see,  however,  p.  67).  Washburn,96  by  the  application  of 

TABLE  XXX. — OSMOTIC  PRESSURE  OF  SOLUTIONS  OF  CANE  SUGAR  AT  o°. 


Grams  Sugar  in 
i  Litre  of  Solution. 

Osmotic  Pressure  in  Atmospheres. 

Calculated,  assuming 
the  Formation  of  a 
Pentahydrate. 

Determined  by 
Lord  Berkeley 
and  Hartley. 

180-1 
300'2 
420-3 
540*4 

14-1 

26-8 

437 
67-6 

IS-QS 
2677 

43'97 
67-51 

the  thermodynamic  equation  to  the  freezing-point  determinations 
of  solutions  of  cane  sugar,  has  concluded  that  the  latter  exists  in 
solution  as  the  hexahydrate.  For  the  case  of  solutions  of  lower 
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concentration  than  weight-normal,  it  is,  however,  scarcely  possible 
to  decide  between  the  two  hydrates. 

Callendar  similarly  has  shown  that  in  the  case  of  glucose 
solutions,  the  glucose  molecule  probably  combines  with_twp 
molecules  of  water. 

More  recently,  Frazer  and  Myrick  34  have  subjected  their  ex- 
perimentally determined  values  of  the  osmotic  pressure  of  cane 
sugar  solutions  at  30°  to  a  similar  mathematical  investigation, 
with  results  shown  in  Table  XXXI.  In  this  table  are  given  the 
values  of  the  osmotic  pressure  determined  directly  and  also  the 
values  calculated  according  to  the  equation  of  Morse  and  accord- 
ing to  equation  (13).  In  the  latter  case,  the  values  are  calculated 
both  on  the  assumption  of  no  association  of  solvent  (a  =  i)  and 
no  hydration  of  solute  (ft  =  o)  and  on  the  assumption  that  the 
solvent  is  associated  (a  =  2)  and  that  the  solute  is  hydrated 
(ft  =  4,  5,  or  6). 

TABLE  XXXI. — OSMOTIC  PRESSURE  OF  SOLUTIONS  OF  CANE  SUGAR  AT  30°. 


• 

Weight 
Molar 
Concen- 
tration 

Osmotic 
Pressure 
Observed. 

Osmotic 
Pressure 
Calculated 
According 

Osmotic  Pressure  Calculated  According  to  Equation  (13). 

a  =  I. 

a  =  I. 

a=  2. 

a  =  2. 

et  =  2. 

(H  =  i). 

to  Morse. 

/3  =  o. 

/3=6. 

(3  =  6. 

0  =  5- 

0  =  4' 

I 

27-22 

24-72 

24'4 

27-28 

26-99 

26-45 

25-98 

2 

58-37 

49-43 

48-32 

6l-IQ 

59'89 

57H1 

55*i 

3 

95-16 

74*15 

7I-85 

104-65 

100*95 

94'03 

88 

4 

138-96 

98-86 

94-80 

162*25 

1537 

138-2 

125-5 

5 

187-3 

123*58 

1177 

242-6 

224-2 

192*5 

I6S-8 

6        !     232-3 

I48'3 

140-1 

361-7 

323'9 

261-4 

219-3 

6-5 

252-8 

173-0 

I5I'2 

446-9 

39175 

3°3*4 

247-9 

From  the  above  table  it  will  be  seen  that,  when  association 
of  the  solvent  is  taken  into  account,  the  assumption  that  a  definite 
hydrate  of  the  solute  exists  throughout  the  whole  range  of 
concentration,  does  not  appear  to  be  tenable.  At  concentrations 
up  to  about  twice  molar,  the  osmotic  pressures  calculated  on  the 
assumption  that  a  hexahydrate  exists,  agree  well  with  the  ex- 
perimental values,  but  at  higher  concentrations  the  calculated 
values  are  all  too  high.  At  high  concentrations  the  calculated 
values  point  to  the  existence  of  a  pentahydrate,  and  at  the  highest 
concentrations,  to  the  existence  of  a  tetrahydrate.  In  other 
words,  it  would  appear  from  the  above  calculations  that  the 
degree  of  hydration  varies  with  the  concentration.  Although 

5* 
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the  calculations  summarized  in  Tables  XXIX  and  XXX  lead  to 
the  conclusion  that  a  definite  hydrate  is  formed  and  persists 
throughout  a  considerable  range  of  concentration,  a  conclusion  in 
harmony  with  the  older  hydrate  theory  of  solutions  put  forward 
by  Mendeleef,  the  numbers  given  in  Table  XXXI,  on  the  other 
hand,  favour  the  view  that  unstable  hydrates  are  formed  the 
composition  of  which  continuously  undergoes  change  with  the 
concentration,  in  harmony  with  the  views  expressed  more  recently 
by  H.  C.  Jones 97  and  others.  It  must,  however,  be  borne  in  mind 
that,  as  pointed  out  on  p.  66,  the  calculations  of  the  degree  of 
hydration  can  only  be  approximate  because  of  the  uncertainty 
which  exists  regarding  the  degree  of  association  of  the  solvent. 

Tentative  as  the  above  calculations  may  be,  it  is  of  impor- 
tance to  observe  that  by  assuming  association  of  solvent  and 
hydration  of  the  solute  molecules,  it  is  possible  to  take  into 
account  simply  and  without  undue  straining  of  probabilities,  the 
deviations  from  " ideality"  in  the  case  of  concentrated  aqueous 
solutions.  Moreover,  it  is  of  importance  to  note  that  by  deter- 
mining the  deviations  of  solutions  from  "ideality, "a  means  is 
given  of  obtaining  a  truer  insight  into  the  constitution  of  solutions 
than  when  one  applies,  as  some  investigators  have  done,  to 
concentrated  solutions  an  equation,  such  as  that  of  van't  Hoff, 
which  is  valid  only  for  very  dilute  solutions.* 

*  It  must  be  borne  in  mind  that  the  calculations  of  hydration,  etc.,  are,  at 
best,  only  approximations,  because  they  have  been  carried  out  on  the  as- 
sumption that  the  deviations  of  aqueous  sugar  solutions  are  due  entirely  to 
hydration  of  solute  and  association  of  solvent  molecules.  But  this  is  by  no 
means  necessarily  the  case.  For  a  non-ideal  solution  van  Laar  (Zeitschr. 
$hysikal.  Chem.,  1913,  82,  223)  has  given  the  general  equation, 


7.[-(r£5?-RTk*<'- 


In  this  equation  r  has  been  put  for  -3  -  i,  where  bi  and  bn  are  the 

b\ 

molecular  volumes  of  solvent  and  solute,  and  ax-  is  the  differential  molecular 
heat  of  dilution  of  the  solution  when  i  gram-molecule  of  the  solvent  is  added 
to  the  solution.  The  influence  of  these  factors  should  therefore  be  taken  into 
account  in  calculating  the  osmotic  pressure.  In  the  above  equation  the  com- 
pressibility of  the  solution  has  been  neglected.  At  high  pressures,  the  com- 
pressibility would  also  have  to  be  taken  into  account. 
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Variation  of  Osmotic  Pressure  with  the  Temperature. 

It  has  already  been  pointed  out  (p.  58)  that  the  temperature 
coefficient  of  osmotic  pressure  depends  on  the  heat  of  dilution 
and  its  manner  of  variation  with  the  temperature.  In  view  £>f 
the  fact  that  the  heat  of  dilution  is  very  small  in  the  case  of  solu- 
tions of  cane  sugar,  it  is  to  be  expected  that  the  osmotic  pressure 
will  be  nearly  proportional  to  the  absolute  temperature.*  As 
has  already  been  pointed  out  (p.  44),  the  experiments  of  Morse 
and  his  co-workers  are  in  harmony  with  this  view  when  the 
range  of  temperature  is  not  very  great  (o°  to  25°). 

The  value  of  Q,  however,  although  small  is  not  zero,  and 
in  order  to  ascertain  the  temperature  coefficient  of  osmotic  pres- 
sure over  a  large  range  of  temperature,  it  is  necessary  to  know 
the  temperature  coefficient  of  Q.  This  has  been  given  by  Ewan  93 
in  the  form 


where  cw  and  cs  are  the  specific  heats  of  water  and  of  the  solution 
respectively.  The  experimental  determinations  are  not  free 

from  doubt,  but  it  would  appear  from  them  that   -~-   is   either 

aT 

zero  or  has  a  small  negative  value.  Throughout  a  considerable 
range  of  temperature,  therefore,  we  may  expect  that  the  osmotic 
pressure  will  be  nearly  proportional  to  the  absolute  temperature  ; 
and  it  may  also  be  expected  that  at  higher  temperatures  the  osmotic 
pressure  will  be  less  than  that  calculated  according  to  direct  pro- 

portionality, if  it  be  the  case  that  —  £-  is  negative. 

al 

It  has  been  shown  by  A  W.  Porter  98  that  the  latent  heat  of 
dilution  is  connected  with  the  osmotic  pressure  by  the  following 
nearly  exact  equation  :  — 


H   --/P 


*G.  N.  Lewis  (/.  Amer.  Chem.  Soc.^  1908,  30,  668)  has  pointed  out  that, 
using  the  heats  of  dilution  as  determined  by  Ewan  (see  above)  and  von 
Stackelberg  (Zeitschr.physikaL  Chem.,  1898,26,  533),  the  osmotic  pressure 
of  a  weight-normal  solution  of  cane  sugar  at  15°  would  change  about  0-27 
per  cent  per  degree,  while  an  ideal  solution  would  change  about  0-35  per 
cent  per  degree. 
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where  s  is  the  increase  of  volume  when  i  gram  of  solvent  is  added 
to  a  large  quantity  of  the  solution.  (H,  is  strictly  the  internal 
latent  heat  of  dilution,  but  it  is  very  nearly  identical  with  the 
latent  heat  due  to  ordinary  mixing.)  For  a  perfect  gas  the  heat 
of  dilution  is  zero,  and  P/T  is  independent  of  the  temperature. 
In  the  case  of  osmotic  pressure,  similarly,  P/T  will  be  independent 
of  the  temperature  only  when  the  heat  of  dilution  is  zero  ;  only 
in  this  case,  therefore,  will  the  osmotic  pressure  obey  the  van't 
Hoff-Gay-Lussac  law.  Determinations  of  the  heat  of  dilution  of 
sugar  solutions  have  been  carried  out,  as  already  indicated,  by 
Ewan  and  by  von  Stackelberg,  and  more  recently  by  D.  O.  Wood 
at  20°  C.  In  Table  XXXII  are  given  the  values,  as  quoted  by 
A.  W.  Porter  98,  of  the  latent  heats  of  dilution  at  20°  determined 


by  Wood,  together  with  the  values  ofj  =  T^^)  calculated  from 

u  I  \JL/ 

them  and  from  Morse's  values  of  the  osmotic  pressures  at  10° 
and  30°  by  assuming  y  to  be  uniform  between  these  temperatures. 

TABLE  XXXII. 


'«4 

H^cal./Gram. 

y  Calculated 
from  HJ-. 

y  Calculated  from 
Morse's  Observations. 

0'5 

0-8 
0-9 
i-o 

2-0 

-  0*04 
-  6-07 
-  0-09 
-  O-II 
-  0*245 

-  O'ooooig 
-  0-0000339 
-  0-000044 
-  0-0000537 
-  0-00012 
-  O-OOO2O 

-  0*000031 
-  0-000038 
-  0-000044 
-  0-000047 

4-0 

-   I  -12 

-  0-00055 

— 

Although  the  two  series  of  j-values  are  not  in  complete  ac- 
cordance, they  are  of  the  same  order.  From  determinations  of 
the  heat  of  dilution  of  solutions  at  different  concentrations  and 
temperatures,  it  will  be  possible  to  calculate  the  values  of  the 
osmotic  pressures  on  the  basis  of  a  standard  set  of  values  de- 
termined at  one  given  temperature.  In  this  way  the  directly 
determined  values  may  be  checked,  and  one  may  also  obtain, 
indirectly,  values  of  the  osmotic  pressure  with  an  accuracy  esti- 
mated by  Porter  at  about  I  part  in  1 500. 

The  variation  of  osmotic  pressure  with  the  temperature  has 
also  been  studied  by  W.  F.  Magie,"  who  has  proposed  the  fol- 
lowing formula  for  the  osmotic  pressure  : — 

/  =  aO  log  6  +  (b  -  a)  0  +  e 
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where  a  is  a  quantity  determined  by  observations  of  the  heat 
capacity  of  the  solutions,  and  b  and  e  are  constants  of  integration. 
On  the  assumption  that  a  is  independent  of  the  temperature,  e  is 
connected  with  the  heat  of  dilution,  /  by  the  formula — 

/  =    -  aO  +  e. 

If  ps  represents  the  osmotic  pressure  of  the  solution  at  the 
temperature  #Si  one  obtains 

p  _ps  0  _    0-Os 

7\   ~~   7j~  "t~  #  1°S   /}         ^    /)/}     • 
£/          U&  Us  UUS 

This  formula  was  tested  by  means  of  the  vapour  pressure  deter- 
minations of  Emden  10°  for  solutions  of  sodium  chloride,  and  was 
found  to  be  in  harmony  with  the  experimental  results. 

The  question  of  heats  of  dilution  and  their  variations  with 
temperature  has  also  been  studied  by  F.  R.  Pratt.101 

On  consulting  Table  XIX,  p.  43,  it  is  seen  that  the  ratio  of 
osmotic  pressure  to  gas  pressure  is  approximately  constant  for 
all  concentrations  up  to  25°,  but  that  above  that  temperature  the 
ratio  becomes  less,  especially  in  the  more  dilute  solutions.  At 
the  temperature  of  80°  the  ratio  has  become  equal  to  unity  even 
in  the  most  concentrated  solutions.  It  follows  therefore  that 
the  osmotic  pressure  at  80°  is  less  than  it  would  be  if  calculated 
from  the  osmotic  pressure,  say  at  20°,  by  the  law  of  direct  pro- 
portionality. The  value  so  calculated  would  be  32*10  atm.,  the 
value  found  is  28*00  atm.  for  a  weight-normal  solution. 

One  ought,  however,  in  the  absence  of  the  necessary  data, 
to  beware  of  attributing  this  difference  solely  to  the  influence  of 
heat  of  dilution.  When  it  is  recalled  that  the  osmotic  pressure 

is  dependent  on  the  factor  — — — ,  and  when  it  is  remembered  not 

N  -i-  n 

only  that  the  solvent  is  associated  but  that  hydrate  formation 
probably  also  occurs,  it  is  clear  that  the  change  of  osmotic 
pressure  with  temperature  will  also  depend  on  any  changes  which 
may  occur  either  in  the  degree  of  association  of  the  solvent,  or 
in  the  composition  of  the  hydrate  or  hydrates,  the  existence  of 
which  has  been  assumed. 

As  regards  the  association  factor  of  the  solvent,  it  is  known 
that  this  diminishes  with  rise  of  temperature,  the  complex  water 
molecules  dissociating  into  the  simpler  monad  molecules  ;  and 
it  is  also  to  be  expected  that  elevation  of  temperature  will  bring 
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about  a  dissociation  of  the  solute  hydrate.  Both  these  effects 
will  result  in  a  higher  value  for  (N  +  »),  and  consequently  in  a 
lower  value  of  the  osmotic  pressure.  Without,  therefore,  taking 
into  consideration  at  all  the  influence  of  the  heat  of  dilution  on 
the  osmotic  pressure,  it  must  be  expected  that  in  the  case  of 
concentrated  aqueous  solutions,  more  especially  but  not  only 
when  hydrates  are  formed,  the  osmotic  pressure  will  increase 
with  the  temperature  less  rapidly  than  corresponds  with  the 
van't  Hoff-Gay-Lussac  law. 

A  simple  calculation  will  illustrate  this.     We  have  already 
seen  that  using  the  equation 

81-6x293x34         c 


1002.  34  + 

the  value  23-50  atm.  was  calculated  for  the  osmotic  pressure  of 
a  weight-normal  solution  at  20°  (Table  XXIX).  If  we  carry  out 
a  similar  calculation  for-  the  osmotic  pressure  of  a  weight-normal 
solution  at  80°,  again  assuming  no  hydration  of  the  solute,  but 
remembering  that  the  molecular  volume  of  the  solvent  is  now  * 

— - — ,  we  obtain  the  value  of  27-56  atm.  for  the  osmotic  pressure, 
38*0 

which  is  in  very  fair  agreement  with  the  value  28*00  atm.,  deter- 
mined by  Morse,  and  his  collaborators.102  Even  when  no  associ- 
ation of  the  solvent  is  assumed,  a  similar  value,  28*16  atm.,  is 
calculated.  From  this,  then,  it  appears  that,  without  assuming 
the  formation  of  a  hydrate  of  cane  sugar,  the  calculated  value 
of  the  osmotic  pressure  is  in  agreement  with  the  experimentally 
determined  value  ;  a  fact  which  indicates  that  at  a  temperature 
of  80°  the  hydrate,  the  existence  of  which  was  assumed  (and 
with  which  assumption  the  results  of  experiment  were  in  harmony), 
is  completely  dissociated. 

It  should,  however,  be  mentioned  that  according  to  Callendar's 
calculations  73  based  on  the  determinations  by  Kahlenberg 103  of 
the  boiling-point  of  cane  sugar  solutions,  the  pentahydrate  still 
exists  at  that  temperature  in  the  case  of  the  more  dilute  solutions, 
but  dissociates  with  formation  of  a  lower  hydrate  as  the  concen- 
tration increases  (see  pp.  66  and  67). 

It  will,  however,  be  realized  that  the  preceding  calculations, 

*At  80°  the  association  factor  of  water  is,  according  to  van  Laar 
(Zeitschr.  physikaL  Chem.,  1899,31,  i),  1-46. 
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interesting  as  they  are,  are  of  a  somewhat  tentative  character  ; 
and  although  Callendar  has  shown  that  by  the  assumption  of 
hydrate  formation  the  actual  behaviour  of  aqueous  solutions  of 
a  number  of  different  solutes  can  be  explained,  a  larger  number 
of  accurate  determinations  of  the  osmotic  pressure  of  different 
solutions  and  a  more  complete  investigation  of  the  different 
factors  which  enter  into  the  problem,  are  much  to  be  desired. 
That  the  study  of  osmotic  pressures  may  possess  an  importance 
beyond  that  of  yielding  a  basis  for  a  quantitative  theory  of  solu- 
tions and  may  be  brought  into  relation  with  the  problem  of  satu- 
ration and  supersaturation  in  solutions,  has  recently  been  shown 
by  the  Earl  of  Berkeley.104 

Summary. 

It  may  perhaps  be  well,  at  the  close  of  this  chapter,  to  refer 
to  some  of  the  criticisms  which  have  been  expressed  regarding 
the  osmotic  theory  of  solutions  and  the  thermodynamic  treatment 
of  the  problem. 

In  the  first  place,  recent  critics  have  pointed  out  that  van't 
HofFs  theory  cannot  be  a  correct  theory  of  solutions  because  it 
is  no  longer  valid  when  applied  to  concentrated  solutions.  But 
as  has  already  been  stated  van't  Hoff's  theory  never  claimed  to 
be  valid  except  for  very  dilute  solutions,  and  for  these  the  theory 
is  perfectly  valid.  The  adverse  criticism  is  therefore  really 
levelled  not  against  the  theory  of  van't  Hoff  itself,  but  against 
the  abuse  of  the  theory  and  its  unjustifiable  extension  to  regions 
of  concentration  to  which  van't  Hoff  never  intended  that  it  should 
be  applied.  The  theory  itself,  when  properly  applied,  does  not 
thereby  lose  its  validity. 

But  another  ground  on  which  adverse  criticism  has  been 
levelled  against  the  osmotic  theory  of  solutions  from  the  time  of 
its  enunciation  to  the  present  day  (e.g.  by  L.  Meyer,105  Quincke,106 
Kahlenberg 43)  is  that  osmotic  pressure  is  not  due  to  the  bombard- 
ment of  the  semi-permeable  membrane  by  the  solute  molecules 
(as  had  indeed  been  suggested  as  a  plausible  explanation  by 
van't  HofF),  but  is  due  to  the  entrance  of  solvent  into  the  solution 
through  the  semi-permeable  membrane.  But  this  criticism  rests 
on  a  misunderstanding.  The  employment  of  the  conception  of 
osmotic  pressure  in  the  thermodynamic  deduction  of  the  laws  of 
solutions  is  quite  independent  of  any  view  which  may  be  held 
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regarding  its  nature ;  and  this  was  pointed  out  by  van't  Hoff 
himself.107  In  his  thermodynamic  treatment  of  solutions,  van't 
Hoff  employed  the  conception  of  osmotic  pressure  as  an  experi- 
mentally determinable  quantity  which  could  be  introduced  into 
the  thermodynamic  treatment,  and  about  the  nature  of  which 
there  was  no  need  to  trouble  oneself.  Thus  he  wrote  108 :  <(  Once 
again  we  have  the  essentially  futile  question :  What  then  exerts 
the  osmotic  pressure  ?  Really,  as  already  emphasized,  I  am  con- 
cerned only  with  its  magnitude ;  and  since  it  has  been  found  to 
be  equal  to  the  gas  pressure,  one  is  inclined  to  think  that  the 
mechanism  of  its  production  is  similar  to  that  found  in  the  case 
of  gas  pressure.  Let  him,  however,  who  is  led  astray  by  this 
view,  simply  leave  the  question  of  mechanism  alone  altogether." 

Another  objection  has  been  raised,  by  Kahlenberg,  against 
the  thermodynamic  deduction  of  the  quantitative  laws  of  solutions 
on  the  two-fold  ground  that  no  truly  semi-permeable  membrane 
is  known,  and  that,  even  if  one  is  found  to  exist,  it  is  not  a 
passive  membrane  but  is  selective  in  its  action.  The  question 
of  the  existence  of  semi-permeable  membranes  has  already  been 
discussed  (p.  4),  and  as  regards  the  passivity  of  the  membrane, 
the  above  criticism  likewise  rests  on  a  misunderstanding.  That 
the  property  of  semi-permeability  is  a  specific  and  not  a  universal 
one,  in  the  case  of  any  membrane,  was  recognized  even  by  M. 
Traube,  but  this  does  not  render  the  semi-permeable  membrane 
necessarily  " active"  from  the  thermodynamic  point  of  view. 
From  this  point  of  view,  a  passive  membrane  is  merely  one  with 
which  the  processes  involved  are  completely  reversible,  and  if  this 
requirement  is  satisfied,  the  mode  of  action  of  the  membrane  is  a 
matter  of  no  importance. 

However,  important  as  it  no  doubt  once  appeared  to  be  to 
make  sure  that  a  semi-permeable  membrane  is  indeed  realizable 
in  practice,  because  the  van't  Hoff  theory  of  solutions  was 
developed  by  the  aid  of  the  conception,  it  is  more  important,  at 
the  present  day,  to  recognize  that  the  quantitative  theory  of 
solutions  is  quite  independent  of  the  conceptions  either  of  semi- 
permeable  membranes  or  of  osmotic  pressure  itself.  The  one 
fundamental  fact  to  be  recognized,  as  has  been  emphasized  by 
van  Laar,85  Jahn 109  and  others,  is  that  there  is  a  difference  between 
the  free  energy  of  the  solvent  in  the  solution  and  in  the  pure 
state  ;  and  that  what  is  called  the  osmotic  pressure  of  the  solution 
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is,  like  the  diminution  of  the  vapour  pressure,  merely  one  manner 
in  which  this  energy  difference  is  rendered  manifest.  That  this 
is  so  is  clearly  seen  from  the  fact  that  the  thermodynamic 
equation  for  ideal  solutions  has  been  established  by  van  der 
Waals,  for  example,  on  a  kinetic  basis;  by  van  Laar,85 T>y~the 
use  of  the  function,  introduced  by  Willard  Gibbs,  known  as  the 
thermodynamic  potential ;  and,  more  recently,  by  G.  N.  Lewis110 
by  means  of  another  thermodynamic  function  known  as  the 
{ '  fugacity  ".*  The  quantitative  laws  of  solutions,  deduced  thermo- 
dynamically,  are  therefore  quite  independent  of  the  phenomena 
of  osmosis  altogether ;  and  the  reason  why  osmotic  pressure  has 
played  such  a  prominent  rdle  in  connexion  with  the  problem  of 
solutions  is  to  be  found,  no  doubt,  in  the  fact  that  it  is  a  property, 
the  meaning  of  which  can  be  readily  grasped,  whereas  the  thermo- 
dynamic potential,  for  example,  appears  as  an  abstract  conception 
which  is  not  open  to  direct  experimental  demonstration.  For 
this  reason  the  conception  of  osmotic  pressure  will,  in  the  future 
as  in  the  past,  indubitably  be  preferred  by  many,  the  more  so 
as  the  thermodynamic  equation  for  solutions  can,  of  course,  be 
deduced  equally  well  on  the  basis  of  this  conception  as  on  the 
basis  of  the  thermodynamic  potential,  or  of  other  thermodynamic 
functions. 

Valuable  as  the  thermodynamic  theory  of  solutions  has  proved 
to  be  in  correlating  quantitatively  the  properties  of  solutions,  it 
throws  but  little  light  on  the  mechanism  of  osmosis  or  on  the 
intimate  structure  and  constitution  of  solutions.  Nor  has  it  ever 
claimed  to  do  more.  Thermodynamics  gives  us  a  theory  of  solu- 
tions ;  it  gives  us  no  theory  of  solution.  For  it  must  be  remembered 
that  the  problem  of  solutions  consists  of  two  parts,  the  qualitative 
and  the  quantitative.  On  the  one  hand,  insight  is  desired  into 
the  nature  and  constitution  of  a  solution,  into  the  processes 
involved  in  the  production  of  a  solution,  whether  these  depend 
on  chemical  affinity,  surface  tension,  or  other  causes ;  and,  on 
the  other  hand,  an  equal  need  is  felt  for  some  quantitative  ex- 
pression by  means  of  which  the  relationships  between  the  con- 
centration of  solutions  and  their  physical  properties  can  be 
studied  quantitatively  and  computed.  The  qualitative  and  the 

*  Reference  may  also  be  made  here  to  the  work  of  S.  A.  Shorter  (Phil. 
Mag.,  1911  (6),  22,  933  ;  1912  (6),  23,  483)  and  F.  Tinker  (Phil.  Mag.,  1917 
(6),  33,  428  ;  34,  526). 
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quantitative  are,  however,  but  two  complementary  sides  of  the 
one  problem  ;  and  while  some  investigators  may  attach  supreme 
importance  to  the  qualitative  side — to  the  construction  of  pictures 
or  models  of  the  constitution  of  solutions — others  will  make 
more  use  of  the  quantitative  relationships  by  means  of  which  the 
efficiency  of  these  models  can  be  tested.  It  is,  however,  by 
mutual  understanding  and  co-operation  between  the  workers  on 
the  two  sides,  that  knowledge  will  finally  be  attained. 

Into  a  discussion  of  the  constitution  of  solutions  we  cannot 
enter  here ;  the  subject  will  be  dealt  with  in  another  monograph 
in  this  series.  The  views  which  have  been  held  regarding  the 
constitution  of  solutions  have  been  very  varied,  and  since  thermo- 
dynamics is  too  general  in  its  method  of  treatment  to  yield  a 
complete  answer  to  the  problem,  hypothesis,  guided  and  tested 
by  experiment,  must  enter.  Although  the  previous  discussion 
may  indicate  that  the  view  that  solution  is  produced  by  the 
chemical  combination  of  the  components  does  not,  in  some  cases, 
run  counter  to  the  requirements  of  thermodynamics,  it  must 
be  borne  in  mind  that  there  are  also  cases  where  no  such  com- 
bination appears  to  occur. 


CHAPTER  VII. 

INDIRECT  DETERMINATION  OF  THE  OSMOTIC  PRESSURE. 

As  has  already  been  stated,  the  manipulative  difficulties  and, 
more  especially,  the  difficulty  of  obtaining  truly  semi-permeable 
membranes  preclude  the  possibility  of  carrying  out  the  direct 
determination  of  osmotic  pressure  over  any  large  range  of  tem- 
perature and  concentration  in  the  case  of  any  considerable 
number  of  solvents  and  solutes.  It  has,  however,  been  pointed 
out  that  the  osmotic  pressure  of  a  solution  is  merely  a  measure 
of  the  diminution  of  the  free  energy  of  a  solvent  by  the  addition 
of  a  solute,  or  a  measure  of  the  work  done  in  separating  the 
solvent  from  the  solution,  and  since  these  can  be  determined 
experimentally  by  other  methods  which  do  not  involve  ordinary 
membranes,  it  becomes  possible  to  determine  indirectly  the  value 
of  what  is  called  the  osmotic  pressure  of  a  solution.  Of  the 
indirect  methods  of  determining  the  osmotic  pressure,  those  de- 
pending on  determinations  of  the  vapour  pressure,  the  freezing- 
point  and  the  boiling-point  of  solutions,  are  the  most  important. 
The  analogy  between  such  determinations  and  those  carried  out 
directly  with  precipitation  membranes  depends  on  the  fact  that 
the  surface  layer  of  the  solution  in  contact  either  with  the  vapour 
or  with  the  solid  solvent,  acts  as  a  semi-permeable  membrane, 
since  it  allows  the  passage  of  the  solvent  but  not  of  the  (non- 
volatile) solute  molecules. 

Diminution  of  the  Vapour  Pressure. 

The  application  of  the  vapour  pressure  method  to  concen- 
trated solutions  of  cane  sugar  has,  in  recent  years,  been  studied 
by  Lord  Berkeley  and  E.  G.  J.  Hartley,111  for  the  purpose  of  com- 
paring the  values  of  osmotic  pressure  determined  in  this  way 
with  those  obtained  directly  with  a  copper  ferrocyanide  membrane 
(p.  35).  These  investigators  have  also  determined  by  the  same 
method  the  osmotic  pressure  of  concentrated  aqueous  solutions 
of  calcium  ferrocyanide,55  Similar  determinations  with  aqueous 
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solutions  of  sodium  chloride,  potassium  chloride,  and  cane  sugar 
have  been  made  by  Krauskopf,112  and  by  E.  P.  Perman  and 
T.  W.  Price113  with  solutions  of  carbamide,  cane  sugar,  glycerol, 
raffinose,  potassium  chloride,  and  calcium  chloride.  These  in- 
vestigators have,  however,  not  yet  applied  their  measurements  to 
the  determination  of  the  osmotic  pressure  of  the  solutions. 

The  method  employed  for  the  determination  of  the  vapour 
pressure  was  a  dynamical  one ;  first  suggested  by  Ostwald  and 
investigated  experimentally  by  J.  Walker.114  It  depends  on  the 
principle  that  when  an  indifferent  gas  is  bubbled  through  a  liquid, 
the  amount  of  the  latter  taken  up  by  the  gas  is  proportional  to 
the  vapour  pressure.  If,  then,  a  stream  of  air  is  passed  through 
a  solution  and  then  through  the  pure  solvent,  the  amount  of  vapour 
taken  up  from  the  latter  will  be  proportional  to  the  difference 
between  the  vapour  pressure  of  the  solvent  and  the  solution. 

In  carrying  out  their  determinations,  Lord  Berkeley  and 
E.  G.  J.  Hartley  introduced  the  modification  that  instead  of  caus- 
ing the  air  to  bubble  through  the  liquids,  they  caused  it  to  pass 
over  the  surface  of  the  liquids,  which  were  contained  in  a  train  of 
glass  tubes  placed  on  a  rocking  table  in  a  thermostat.  By  rocking 
the  table,  the  liquid  was  caused  to  flow  from  end  to  end  of  the 
tubes,  thereby  keeping  the  solution  stirred  and  also  facilitating 
the  saturation  of  the  air  by  the  vapour. 

The  values  of  the  osmotic  pressure  were  then  calculated  from 
the  diminution  of  the  vapour  pressure  by  means  of  the  equation 

P.^f.Iog.*?       ....      (I7) 

where  p0  and  /  are  the  vapour  pressures  of  the  water  and  solution 
respectively,  s  is  the  density  of  the  water  at  the  temperature  of 
the  experiment,  and  <r  is  the  vapour  density  of  water  vapour 
under  the  standard  atmosphere  A.  The  following  table  contains 

TABLE  XXXIII. 


Grams  of  Sucrose 
per  Litre. 

Osmotic  Pressure  at  o°,  in  Atmospheres. 

^fp^su^    ^termined  Directly. 

540 
660 

750 

69-4 
IOI-Q 
I36-0 

67-51 
IOO-78 
13374 
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the  values  of  the  osmotic  pressure  so  calculated,  together  with 
the  values  obtained  directly  by  the  method  already  described 
(P-  33)-  The  values  refer  to  solutions  of  cane  sugar  at  o°  C. 

The  accuracy  aimed  at  was  5  per  cent,  and  it  will  be  observed 
that  the  deviations  between  the  two  sets  of  values  are  well  w4thin 
that  error. 

Relationship  between  Osmotic  Pressure  and  Vapour 
Pressure. 

The  method  formerly  employed  for  deducing  the  relationship 
between  vapour  pressure  and  osmotic  pressure  of  a  solution  was 
to  consider  the  equilibrium  between  a  column  of  solution  separated 
at  the  lower  end  from  the  pure  solvent  by  means  of  a  semi- 
permeable  membrane,  the  whole  system  being  enclosed  in  a 
vessel  containing  only  the  vapour  of  the  solvent.  The  vapour 
pressure  of  the  solution  at  the  top  of  the  column  would  then  be 
equal  to  the  vapour  pressure  at  the  surface  of  the  solvent  minus 
the  pressure  of  a  column  of  vapour  equal  in  height  to  the  column 
of  solution,  the  hydrostatic  pressure  of  which  balances  the  osmotic 
pressure.  In  this  way  Arrhenius 115  obtained  an  expression  which 
can  be  written  in  the  form 

P=4'.log^.        .         .         .     (18) 

for  the  relationship  between  the  osmotic  pressure  and  the  vapour 
pressure.  In  this  expression  Q  is  the  density  of  the  solution. 

When  the  osmotic  pressure  was  calculated  by  means  of  this 
equation,  Lord  Berkeley  and  E.  G.  J.  Hartley  found  that  values 
were  obtained  which  differed  considerably  (up  to  30  per  cent) 
from  the  values  obtained  by  direct  measurement.  The  reason 
for  this  Lord  Berkeley  and  Hartley  perceived  to  lie  in  the  varia- 
tion of  density  and  concentration  from  top  to  bottom  of  the 
column  of  solution.* 

Another  factor  also  must  be  borne  in  mind.  As  pointed  out 
by  Lord  Berkeley  and  E.  G.  J.  Hartley  direct  measurement  gives 
the  osmotic  pressure  corresponding  to  the  concentration  at  the  top 
of  the  column,  whereas  the  value  of  the  osmotic  pressure  calculated 

*Callendar  (Proc.  Roy.  Sec.,  1908,  A,  80,  p.  474)  gives  a  table  showing 
the  variation  of  concentration  in  a  vertical  column  of  solutions  of  cane  sugar 
at  o°.  From  this  it  appears  that  in  a  solution  containing  180  grams  of  cane 
sugar  per  litre,  the  variation  amounts  to  about  7  per  cent. 
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by  the  equation  of  Arrhenius  gives  the  osmotic  pressure  at  the 
bottom  of  the  column.  It  is  therefore  necessary  to  obtain  an  equa- 
tion connecting  the  vapour  pressure  with  the  osmotic  pressure 
at  the  top  of  the  column  ;  and  this  equation  Lord  Berkeley  and 
E.  G.  J.  Hartley  deduced  by  a  modification  of  the  column  method. 
In  this  way  they  obtained  equation  (17)  which,  as  will  be  seen, 
differs  from  the  equation  of  Arrhenius,  equation  (18),  only  in  the 
substitution  of  s,  the  density  of  the  solvent,  for  Q,  the  density  of 
the  solution.  In  deducing  equation  (17),  the  compressibility  of 
the  solvent  (water)  was  neglected,  and  also  the  pressure  of  the 
column  of  vapour  equal  to  the  height  of  the  column  of  solution. 
Another,  more  exact,  expression  connecting  the  osmotic 
pressure  with  the  vapour  pressure  of  a  solution  was  deduced  by 
W.  Spens  116  by  the  isothermal  cycle  method,  which  yields,  by 
neglecting  small  quantities  and  assuming  that  Boyle's  law  is 
valid  for  water  vapour,*  the  approximate  equation 


where  vs  is  the  increment  in  volume  .of  a  large  mass  of  solution 
when  unit  mass  of  solvent  is  added  and  s  is  the  specific  volume 
of  the  vapour.  The  equation  of  Lord  Berkeley  and  Hartley 

when  written  in  the  same  form  is  Pu  =  sp  log,  ^2,  where  u  is  the 

P 

specific  volume  of  the  solvent.  These  two  equations  will  be 
identical  only  when  the  increment  produced  by  the  addition  of 
the  solvent  is  equal  to  the  volume  of  the  solvent  added  ;  that  is, 
when  the  contraction  on  dilution  is  negligible.  Such,  indeed, 
appears  to  be  very  nearly  the  case  with  solutions  of  cane  sugar, 
but  with  other  solutions  marked  differences  are  sometimes  found. 
The  same  problem  —  the  relationship  between  vapour  pressure 
and  osmotic  pressure  —  has  also  been  investigated  mathematically 
by  A.  W.  Porter,117  who  has  deduced  the  general  equations 
applicable  to  solutions  of  any  compressibility,  and,  by  H.  L. 
Callendar,73  the  method  employed  in  both  cases  being  that  of 
the  isothermal  cycle.f  Both  these  physicists  have  emphasized, 

*  For  higher  values  of  the  pressure,  this  assumption  will,  of  course,  intro- 
duce a  slight  error. 

t  Other  deductions  of  the  connexion  between  osmotic  pressure  and 
vapour  pressure  have  been  made,  using  the  "  thermodynamic  potential  "  of 
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more  especially,  the  important  influence  of  hydrostatic  pressure 
on  the  osmotic  pressure  and  vapour  pressure  of  a  solution  ;  *  for 
although  this  factor  had  been  taken  into  account  by  Spens,  it 
had  been  neglected  by  Lord  Berkeley  and  Hartley.  Increase  of 
the  hydrostatic  pressure  increases  in  general  the  osmotic  pressure 
and  the  vapour  pressure  ;  and  only  when  the  increment  of  volume 
produced  by  the  addition  of  unit  mass  of  solvent  to  a  large  mass 
of  the  solution  is  equal  to  the  specific  volume  of  the  solvent,  is 
the  osmotic  pressure  at  constant  temperature  independent  of  the 
hydrostatic  pressure  and  dependent  only  on  the  concentration. 

When  a  solution  is  in  osmotic  equilibrium  with  the  pure 
solvent,  the  vapour  pressure  of  the  solution  under  the  hydrostatic 
pressure  imposed  on  it  in  order  to  maintain  osmotic  equilibrium, 
is  equal  to  the  vapour  pressure  of  the  solvent  under  the  hydro- 
static pressure  to  which  it  is  subjected  (the  pressure  of  its  own 
vapour).  In  defining  osmotic  pressure,  'therefore,  it  is  necessary 
to  distinguish  between  the  value  corresponding  to  the  solvent 
under  its  own  vapour  alone,  and  that  corresponding  to  the  solu- 
tion under  its  own  vapour  alone.  The  values  obtained  by  the 
usual  direct  methods  are  for  the  solvent  under  atmospheric  pres- 
sure, which  is  approximately  the  same  as  for  the  solvent  undei 

Gibbs.  For  these,  less  readily  understood  by  the  non-mathematical  reader, 
reference  may  be  made  to  Trevor,  Journ.  Physical  Chem.,  1906,  10,  392  ;  1908, 
12,  141  ;  or  to  van  Laar,  Seeks  Vortrilge  uberdas  thertnodynamische  Potential. 
See  also  G.  N.  Lewis,  Journ.  Amer.  C/iem.  Soc.,  1908,  30,  668  ;  E.  W.  Wash- 
burn,  ibid.,  1910,32,  653.  See  also  S.  A.  Shorter,  Phil.  Mag.,  1911  (6),  22, 
933  J  1912  (6),  23,  483- 

*For  the  relation  between  hydrostatic  pressure  and  vapour  pressure, 
Callendar  deduced  the  expression 


RT  log,       =  (c-b}(p  -p0}  +  V0(P  -  P0)  -  ^V0(P'  -  P0«), 

Po 

where  V  and  v  are  the  specific  volumes  of  liquid  and  vapour  at  the  pressures 
P  and  p  respectively  ;  P0,  p0  are  corresponding  limits  of  the  pressure  at 
which  the  specific  volumes  of  liquid  and  vapour  are  V0  and  v0  ;  (c  -  b)  repre- 
sents the  defect  of  volume  of  the  vapour  from  the  ideal  volume  (i.e.  the 
deviation  from  the  gas  laws)  ;  and  a  is  the  coefficient  of  compressibility  of  the 
liquid,  which  is  assumed  'to  be  constant.  According  to  this  equation,  Callendar 
points  out,  it  would  require  a  pressure  of  about  2000  atms.  only  to  increase 
the  vapour  pressure  of  water  fourfold  at  27°  C.  The  term  (c-b)  (p-p0}  is 
negligible  at  ordinary  temperatures  (and  was  neglected  by  Porter  and  by 
Spens),  on  account  of  the  small  value  of  p,  but  it  amounts  to  about  1  7  per 
cent  at  200°,  if///0  =  4. 

6 
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its  own  vapour  pressure.  On  the  other  hand  Porter 117  recommends 
the  reduction  of  the  osmotic  pressure  to  the  value  corresponding 
to  the  solution  under  its  own  vapour  pressure ;  in  which  case  the 
equilibrium  pressure  for  the  solvent  would  be  negative ;  that  is, 
the  solvent  would  require  to  be  under  a  tension. 

In  order  to  study  more  fully  the  relation  between  osmotic 
pressure  and  vapour  pressure,  Lord  Berkeley,  E.  G.  J.  Hartley, 
and  C.  V.  Burton 118  supplemented  their  former  determinations  of 
the  pressures  of  sucrose  solutions  (which  they  regarded  more  as 
preliminary  experiments)  by  measurements  of  the  vapour  pressure 
and  of  the  equilibrium  osmotic  pressure  of  aqueous  solutions  of 
calcium  ferrocyanide.  With  this  salt,  solutions  of  high  con- 
centration can  be  prepared,  and  for  such  solutions,  moreover, 
the  copper  ferrocyanide  membrane  is  truly  semi-permeable.  To 
allow  of  a  more  exact  comparison  of  equilibrium  osmotic  pressures 
and  vapour  pressures,  the  compressibility  of  the  solutions  was  also 
determined. 

From  his  mathematical  investigation  of  the  relation  between 
the  osmotic  and  the  vapour  pressure  of  a  solution  Porter 117  had 
obtained  a  general  expression  for  liquids  of  any  degree  of  com- 
pressibility. In  the  derivation  of  his  equation,  Porter  assumed 
the  solution  and  solvent  to  be  under  the  pressures  of  their  vapour 
alone,  whereas  Lord  Berkeley  and  his  co-workers  carried  out  their 
measurements  in  air.  They  therefore  gave  to  the  equation  of 
Porter  the  form 

r  A  +  p          ^          ,A  +  p0 

sdp  =  \   vdp  +  \         udp  .          .         .     (20) 

•'A+Trajr  TTaTT  A  +  7Tao 

in  which  the  limits  of  integration  of  Porter's  equation  have  been 
suitably  altered.  In  this  equation  s  denotes  the  diminution  in 
volume  when  i  gram  of  solvent  escapes  from  a  practically  in- 
finite volume  of  solution ;  v  is  the  specific  volume  of  the  vapour, 
and  u  is  the  specific  volume  of  the  solvent ;  A  is  the  atmospheric 
pressure ;  7rao  is  the  vapour  pressure  of  the  solvent  in  air  when  it 
is  under  a  total  pressure  of  A  +  irao ;  and  7rajr  is  the  vapour  pres- 
sure of  the  solution  in  air  when  it  is  under  a  total  pressure  of 

A+7Ta7r. 

The  integrals  of  this  equation  have  been  evaluated  by  Lord 
Berkeley,  Hartley,  and  Burton  for  the  solutions  investigated  by 
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them,  and  they  obtain  as  the  equation  connecting  osmotic  and 
vapour  pressure  the  expression 

l°&r       •         •     (2I) 


Where  s  represents  the  mean  value  of  s,  in  equation  (20),  between 
the  limits  of  pressure  concerned,  Qao  is  the  vapour  density  of  water 
vapour  in  the  air  when  the  water  is  under  the  pressure  of 
A  +  iraQy  10  is  the  observed  loss  of  weight  of  the  solution  and  water 
vessels,  and  /x  is  the  observed  loss  of  weight  of  the  solution  alone. 
By  means  of  this  equation,  the  osmotic  pressure  P  was  calculated 
from  the  vapour  pressures  of  solvent  and  solution,  and  compared 
with  the  equilibrium  values  determined  directly.  The  values  are 
given  in  Table  XXXIV. 

TABLE  XXXIV. 


Osmotic  Pressure  at  o°  C.  in  Atmospheres. 

Grams  of  Anhydrous 

Salt  to  100  Grams  of 

Water. 

Deduced  from  the 
Vapour  Pressure. 

Determined  Directly. 

49-966 

I3I-45 

130-66* 

47-219 

112*96 

112-84 

42-889 

86-61 

87-09 

39-503 

70-61 

70-84 

31-388 

41-24 

41-22 

The  numbers  calculated  by  means  of  the  thermodynamic 
theory  appear  therefore  to  be  in  close  agreement  with  those  de- 
termined experimentally. 

Recently,  E.  W.  Washburn  and  E.  O.  Heuse  ll9  have  deter- 
mined the  vapour  pressure  of  a  weight-molar  solution  of  cane 
sugar  at  25°  by  a  modified  Ostwald-  Walker  method,  and  have  cal- 
culated therefrom  the  osmotic  pressure  of  the  solution  by  means 
of  the  equation  (see  p.  55) 


The  value,  namely  27*0  atm.,  calculated  by  this  equation 
agrees  completely  with  the  experimental  value,  27-05  atm.,  ob- 
tained by  Morse  and  his  collaborators. 

*This  value  may  be  0-5  atm.  too  low. 
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It  may  be  mentioned  here  that  W.  R.  Bousfield  12°  has  put 
forward  a  different  interpretation  of  the  relationship  between 
vapour  pressure  and  osmotic  pressure.  On  the  basis  of  the  view 
that  water  is  constituted  of  three  different  molecular  species,121 
trihydrol,  dihydrol,  and  hydrol,  and  that  the  introduction  of  a 
solute  reduces  the  proportion  of  hydrol  (steam)  molecules,  Bous- 
field derives  a  relationship  between  osmotic  pressure  and  what 
he  calls  the  internal  vapour  pressure.  The  internal  vapour 
pressure  at  a  point  within  a  solution,  he  defines  as,  the  pressure 
which  would  exist  within  a  small  sphere  placed  at  the  point  per- 
meable only  to  the  vapour  of  the  solvent ;  and  he  then  defines 
osmotic  pressure  in  the  words  :  "  The  osmotic  pressure  of  a  solu- 
tion of  given  uniform  concentration  at  a  given  temperature  is  the 
liquid  pressure  under  which  the  internal  vapour  pressure  of  such 
solution  is  equal  to  the  vapour  pressure  of  the  pure  solvent ". 
Further  12° :  "  The  relation  of  osmotic  pressure  to  vapour  pressure 
is  simplified  if  we  consider  only  a  small  elementary  portion  of  a 
solution  not  in  contact  with  a  semi-permeable  partition.  The 
idea  of  a  semi-permeable  partition  gives  us  the  definition  of 
internal  vapour  pressure.  Then  we  need  only  take  a  small  mass 
of  solution  of  given  temperature  and  concentration  subjected  to 
such  a  liquid  pressure  as  to  make  its  internal  vapour  pressure 
equal  to  the  vapour  pressure  of  the  pure  solvent  Such  liquid 
pressure  is  the  osmotic  pressure  of  the  solution. 

"A  mental  picture  of  the  way  in  which  the  compression  of 
the  solution  affects  the  internal  vapour  pressure  is  useful.  It 
can  be  shown  that  we  may  regard  the  vapour  of  the  solution  as 
existing  in  the  molecular  interspaces  and  behaving  there  approxi- 
mately as  a  perfect  gas.  Upon  this  view  the  compression  of  the 
solution  reduces  the  molecular  interspaces  and  proportionately 
increases  the  vapour  pressure.  This  is  not  the  only  factor  in  the 
case  of  a  complex  liquid  such  as  water,  but  it  indicates  that  the 
compressibility  of  water  plays  a  primary  rdle  in  the  phenomena, 
instead  of  being,  as  treated  by  some  writers,  a  secondary  incident 
which  is  merely  a  matter  for  a  correction." 

According  to  this  view,  the  phenomena  of  osmotic  pressure 
depend  on  the  activity  of  the  steam  molecules  in  the  molecular 
interspaces  instead  of  the  activity  of  the  molecules  of  the  solute 
giving  rise  to  an  " expansive  force".  "It  is  not  the  expansive 
force  of  the  solute  but  of  the  solvent  which  gives  rise  to  the 
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phenomena.     It  is  the  vapour  of  the  solvent  instead  of  the  solute 
which  behaves  as  an  enclosed  gas." 

Relation  between  Vapour  Pressure  and  Concentration. 

It  was  shown,  many  years  ago,  by  Raoult  that  in  dilute  solu- 
tions the  relative  lowering  of  the  vapour  pressure  is  equal  to  the 
ratio  of  the  number  of  solute  molecules  («)  to  the  number  of  sol- 
vent molecules  (N)  in  the  solution.  In  order  to  explain  the 
diminution  of  the  vapour  pressure,  Poynting  122  put  forward  the 
hypothesis  that  combination  occurs  between  the  solute  molecules 
and  the  solvent  molecules  whereby  a  certain  number  of  the  latter 
are  rendered  "  inactive  ".  Poynting  also  assumed  that  the  ratio 
of  the  vapour  pressures  of  solution  and  pure  solvent  is  equal  to 
the  number  of  molecules  of  free  solvent  to  the  whole  number  of 
molecules  of  solvent  in  the  solution.  If,  therefore,  each  molecule 
combines  with  a  molecules  of  solvent,  one  obtains  the  equations 

N  -  an  -       an 


where  p0  and  p  are  the  vapour  pressure  of  the  solvent  and  of 
solution  respectively. 

According  to    Raoult,  however,  =  M>  anc^  therefore  in 

order  to  harmonize  the  hypothesis  of  Poynting  with  the  empirical 
law  it  is  necessary  to  assume  that  for  all  substances  which  in 
dilute  solution  give  a  normal  osmotic  pressure,  a  —  i  .  Apart  from 
the  fact  that  the  above  assumption  does  not  agree  with  the  re- 
sults of  experimental  determinations  in  the  case  of  concentrated 
solutions  (it  was  suggested  only  for  dilute  solutions),  it  does  not 
appear  probable  that  all  non-electrolytes  should  form  monohy- 
drates  in  solution. 

Views  similar  to  the  above  have  also  been  expressed  by  I. 
Traube  123  ;  and  T.  M.  Lowry  124  has  suggested  that  the  lowering 
of  the  vapour  pressure  may  be  ascribed  to  a  blocking  action  of 
the  solute  molecules,  but  this  view  has  not  led  to  any  satisfactory 
general  result. 

It  has,  however,  been  pointed  out  by  Callendar  73  that  a  more 
natural  assumption  to  make  than  that  made  by  Poynting,  with 
regard  to  the  dependence  of  vapour  pressure  on  the  number  of 
molecules  in  the  solution,  is  that  the  ratio  of  vapour  pressures 
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C-4  is  equal  to  the  ratio  of  the  number  of  free  molecules  of  solvent 

A 

to  the  whole  number  of  molecules  in  the  solution.     That  is  to 

say,  if  n  and  N  are  the  number  of  moles  of  solute  and  solvent  in 

the  solution,  and  if  each  solute  molecule  combines  with  a  solvent 

molecules,  then  we!obtain 


p0       N-an  +  n 

The  above  assumption  made  by  Callendar  corresponds  with 
that  which  was  previously  made  (p.  65)  in  order  to  account  for 
the  deviation  of  the  osmotic  pressure  of  aqueous  solutions  of  cane 
sugar  from  the  law  for  ideal  solutions. 

In  the  case  of  a  perfect  or  ideal  solution  of  two  components, 
it  has  been  shown  by  Willard  Gibbs,86  van  Laar,85  and  others,  that 
if  it  is  assumed  that  the  vapours  of  the  components  follow  Boyle's 
law,  the  vapour  pressure  of  each  constituent  is,  at  constant  tem- 
perature, and  external  pressure,  proportional  to  the  molar  fraction 
of  that  constituent.  That  is  to  say,  if  /  and  /'  are  the  partial 
vapour  pressures  of  the  two  constituents  in  the  case  of  the  mix- 
ture, and  if  p0  and  p0'  are  the  vapour  pressures  of  the  pure  con- 

stituents, and  if  —  ?£-  and  —  -  —  are  the  molar  fractions  of  the 


two  constituents  respectively,  then  p0  =  /  jj~£Tn  and  P' =  A'  ^T^T  • 

It  has  already  been  pointed  out  (p.  57)  that  this  relationship 
holds  over  the  whole  range  of  concentrations  in  the  case  of  two 
completely  miscible  constituents  which  form  an  ideal  solution  with 
each  other.  In  the  case  of  a  solution  in  which  one  of  the  con- 
stituents is  non-volatile,  we  obtain  the  expression^— ?-  =  -_ — 

Po          N  +  « 

where  p0  and  /  are  the  vapour  pressures  of  the  pure  solvent  and 
of  the  solution  respectively.  When  hydration  is  assumed,  this 
equation  passes  into  the  form  proposed  by  Callendar,  where  n  now 
represents  the  number  of  moles  of  hydrated  solute  and  a  the 
number  of  moles  of  solvent  with  which  one  mole  of  solute  com- 
bines. This  relationship  has  also  been  employed  by  Dolezalek,125 
and  by  Holler.126 

Combining  equation  (23)  with  equation  (19)  Callendar  has 
calculated  the  change  of  osmotic  pressure  with  concentration, 
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and  has  shown  that  the  calculated  values  of  the  osmotic  pressure 
agree  with  the  experimental  values  when,  in  the  case  of  cane 
sugar  solutions,  one  assumes  the  value  <z=  5  ;  and  in  the  case  of 
dextrose  solutions,  a  =  2  (see  Table  XXX).  As  has,  however, 
already  been  pointed  out,  no  account  was  taken  of  association  of 
the  solvent  nor  of  any  change-in  the  association  which  might  be 
produced  by  the  solute. 

Callendar 127  also  holds  that  his  theory  is  borne  out  by  the 
determinations  of  Perman  and  T.  W.  Price.113  Callendar's  theory 
has,  however,  been  adversely  criticized  by  Porter.7 

By  a  static  method,  D.  O.  Wood  128  has  measured  the  vapour 
pressures  of  solutions  of  cane  sugar  of  strength  varying  from  48 
to  69  per  cent.  The  results  obtained,  which  are  not  in  agree- 
ment with  those  of  Perman  and  Price,  indicate  a  variation  of 
Callendar's  factor  a  through  the  value  4.  From  the  calculated 
values  of  the  osmotic  pressure,  and  taking  into  account  the  heat 
of  dilution,  it  is  concluded  that  the  osmotic  pressure  changes  very 
slowly  with  temperature  in  the  case  of  these  concentrated  solu- 
tions. 

Interesting  measurements  of  the  vapour  pressure  of  alcoholic 
solutions  of  potassium  bromide  and  lithium  chloride  have  been 
made  by  O.  F.  Tower  and  A.  F.  O.  Germann  ; 129  and  B.  F. 
Lovelace,  J.  C.  W.  Frazer,  and  E.  Miller,130  have  measured  the 
vapour  pressure  of  solutions  of  potassium  chloride  by  a  static 
method  developed  by  Frazer  and  Lovelace.131  The  most  striking 
feature  of  these  measurements  is  that  the  molecular  lowering  of 
the  vapour  pressure  was  found  to  be  the  same  over  a  range  of 
concentrations  from  O'2  to  2*0  moles  per  1000  grams  of  water. 
A  similar  behaviour  was  found  by  Tower  and  Germann  who 
attributed  it  to  combination  of  solvent  with  solute.  Whether 
this  explanation  is  a  correct  one  can  only  be  decided  when  the 
rigid  applicability  of  Raoult's  law  has  been  tested  by  means  of 
solutions  of  non-electrolytes. 

Lowering  of  the  Freezing- Point. 

That  there  is  an  intimate  connexion  between  the  value  of  the 
osmotic  pressure  of  a  solution  and  its  freezing-point  was  pointed 
out  by  van't  HofF  in  his  classical  paper  on  the  analogy  between 
dissolved  substances  and  gases ;  and  he  deduced  an  expression 
for  this  relationship  in  the  case  of  dilute  solutions.  More 
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recently,  equations,  valid  also  for  more  or  less  concentrated  solu- 
tions, have  been  deduced  by  T.  Ewan,93  van  Laar,85  Trevor,93 
Callendar,73  G.  N.  Lewis,89  Washburn,90  and  others.132  In  deriv- 
ing the  osmotic  pressure  from  the  lowering  of  the  freezing-point 
of  the  solvent,  it  has  to  be  borne  in  mind  that  since  the  freezing- 
point  alters  with  concentration,  the  calculated  osmotic  pressures 
refer  not  to  the  same  temperature  but  to  different  temperatures. 
In  order,  therefore,  that  the  variation  of  osmotic  pressure  with 
concentration  alone  may  be  calculated,  it  is  necessary  to  know 
the  variation  of  osmotic  pressure  with  temperature.  As  we  have 
seen  (p.  58)  this  involves  a  knowledge  of  the  heat  of  dilution  of 
the  solution. 

The  relationship  between  osmotic  pressure  and  the  freezing- 
point  can  be  obtained  most  simply  by  way  of  the  vapour  pressure. 
Since,  as  is  obvious,  the  solution  at  the  freezing-point  is  in  equili- 
brium with  ice  (in  the  case  of  aqueous  solutions),  it  follows  that  the 
vapour  pressure  of  the  solution  at  the  temperature  of  the  freezing- 
point  must  be  equal  to  the  vapour  pressure  of  ice  at  that  tempera- 
ture. This  value  can  then  be  inserted  in  the  vapour  pressure 
formula  on  page  80.  In  order  to  obtain  the  value  of  the  vapour 
pressure,  however,  it  is  necessary  to  know  the  variation  of  the 
vapour  pressure  of  ice  and  water  below  o°,  and  for  this  it  is 
necessary  to  take  account  of  the  difference  of  the  specific  heats 
of  ice  and  water,  which  corresponds  to  the  variation  of  the  latent 
heat  of  fusion  with  temperature. 

The  general  expression  representing  this  variation  of  the 
vapour  pressure  with  temperature,  has  been  given  by  Callendar, 
and  can  be  expressed  in  the  form  (see  also  J.  B.  Goebel 133) 

R          p0     L.A*      ifT.  ,      ,_     fT.  , 
7n  '  log</  =  T7T0  +  Tl<<  -  ***  ~  J  »  - 

1o  Ao 

In  this  equation  R  is  the  gas  constant  (in  calories)  and  m  is  the 
molecular  weight  of  the  substance  in  vapour  form  ;  p0  and  p'  are 
the  vapour  pressures  of  the  liquid  and  solid  phases  respectively ; 
L  is  the  latent  heat  of  fusion  per  gram  at  o°  C.,  T  and  T0  are  the 
absolute  temperatures,  and  A/  is  the  difference  T0  -  T ;  s  and  / 
are  the  specific  heats  of  ice  and  water  respectively.  In  the  above 
equation  also,  the  variation  of  the  heat  of  fusion  of  the  solid  has 
been  expressed  in  terms  of  the  difference  of  specific  heats  of  the 
liquid  and  solid. 
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To  evaluate  the  integrals,  the  variation  of  the  specific  heat 
with  temperature  must  be  known.  This  cannot  be  determined 
by  experiment,  but  different  assumptions  as  to  the  variation  can 
be  made,  and  corresponding  formulae  obtained.  It  would  seem 
probable  that  the  difference  (s  -  s)  increases  with  fall  of  tempera- 
ture, and  it  can  therefore  be  assumed  that  the  difference  is  inversely 

proportional  to  the  absolute  temperature,  or  S       -'«— £ where  s0 
is  the  difference  at  T0  =  273°A.     By  inserting  the  values  L  =  79*5, 


o 

—  =  0-1103,  T 
m 


log* 


=  273,^0  = 
p0    2-64.  A/ 


,  Callendar  obtained  the  expression 


On  account  of  its  simplicity,  and  on  account  of  the  uncertainty 
of  our  knowledge  of  the  variation  of  the  specific  heats,  Callendar 
adopts  for  practical  purposes  another  formula,  namely 


1T    4x; 

The  calculated  values  of  **~   for  different  temperatures  are 

/ 
given  in  Table  XXXV. 

TABLE  XXXV. 


Temp. 

££ 

Temp. 

fe 

P' 

P' 

-  2° 

1-01953 

-20° 

1-21340 

-  5° 

1-04955 

-30° 

1-33660 

-  7° 

1-07004 

-40° 

1-47231 

-10° 

1*10154 

-50° 

1-62181 

-13° 

1-13397 

-60° 

1-78649 

-15° 

1-15611 

Since,  as  has  been  pointed  out,  the  vapour  pressure  of  a 
solution  in  equilibrium  with  ice,  i.e.  at  its  freezing-point,  is  equal 
to  the  vapour  pressure  of  ice  (or  p'  =/),  the  expression  log,  Pojp' 
can  be  inserted  in  equation  (19)  in  order  to  calculate  the  osmotic 
pressure.  The  values  of  the  osmotic  pressure  so  obtained  will 
not,  however,  be  strictly  comparable,  since  they  refer  to  different 
temperatures,  namely,  the  freezing-points  of  the  solution.  In 
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order  therefore  to  obtain  values  of  the  osmotic  pressure  depend- 
ing merely  on  the  concentration,  one  must  reduce  all  the  values 
to  one  temperature,  say  o°  C.  ;  and  to  do  this  one  must  know  the 
temperature  coefficient  of  osmotic  pressure.  As  already  ex- 
plained (p.  58)  this  depends  on  the  heat  of  dilution  and  also  on 
the  compressibility  of  the  solution. 

Since  the  data  for  the  direct  comparison  of  the  osmotic 
pressures  calculated  from  the  depression  of  the  freezing-point 
with  values  directly  determined  are  not  available,  another  method 
must  be  employed  for  carrying  out  the  comparison  with  the  results 
of  experiment. 

We  have  already  seen  (p.  86)  that  if  it  is  assumed  that  the 
vapour  of  the  solvent  obeys  the  gas  laws,  the  vapour  pressure  of 
the  solvent  in  a  solution  is,  at  constant  temperature  and  external 
pressure,  proportional  to  its  molar  fraction.  If  we  represent  the 
vapour  pressure  of  a  solution  (of  a  non-volatile  solute)  by/  and 
the  vapour  pressure  of  the  pure  solvent  by/0,  then  /  =/0  .  x>  where 
x  js  the  molar  fraction  of  the  solvent  in  the  solution.  If,  then, 
the  solution  is  composed  of  n  moles  of  solute  and  N  moles  of 
solvent,  the  molar  fraction  of  the  solvent  will  be  represented  by 

—  -  in  the  case  of  an  ideal  or  perfect  solution  (p.  54).  There- 
.N  +  n 

fore  we  shall  have, 

N  ~  * 


- 

p0     N  +  n  p0        N  +  n 

From  Table  XXXV  the  values  of  ^  for  different  temperatures, 

P 
calculated  by  Callendar,  are  given,  consequently  the  value  of  the 

molar  fraction   -   at  different  temperatures  is  given  by  the 

N  +  n 

expression  i  -  JL-.      By  plotting  the  values   of      n      against 

PolP  N  +  « 

the  corresponding  temperatures,  the  freezing-point  curve  for  the 
ideal  solution  is  obtained  ;  and  this  curve  can  then  be  compared 
with  the  experimental  curve. 

Employing  the  values  of  4  given  in  Table  XXXV  one  obtains 

P 
the  following  numbers  :  — 
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TABLE  XXXVI. 


A, 
/>'• 

u 

N+u- 

Number  of 
Moles  (n)  of 
Solute  per 
too  Moles 
(N  =  100) 
of  Solvent. 

Number  of 
Moles  of 
Pentahydrate 
to  100  Moles 
of  Solvent. 

Freezing-point 
of  Ideal  Solution 
(Calculated). 

roigsa 

0-01913 

i'95 

l-78 

-    2-0°  C. 

1-04955 

0*04726 

4'96 

3'97 

-  5'o° 

1-07004 

©•06546 

7-00 

5fi9 

-   7-0° 

1-10154 

0*09646 

10-20 

6-96 

-  10-0° 

I-I3397 

0-11814 

13-40 

8-02 

-13-0° 

On  plotting  the  above  values  of  -  -  against  the  tempera- 
ture, the  freezing-point  curve  for  an  ideal  solution  is  obtained. 
On  comparing  this  curve  with  values  obtained  by  Jones  and 
Getman  134  for  the  freezing-points  of  aqueous  solutions  of  cane 
sugar,  it  is  found  that  the  calculated  are  lower  than  the  experi- 
mental values,  and  the  difference  between  the  two  increases  with 
increase  of  concentration.  If,  however,  it  is  again  assumed  that 
hydration  of  the  sugar  molecules  occurs  with  formation  of  a 

pentahydrate,  and  if  instead  of  the  expression  =  -        -  we 

Po        loo  +  n 

employ  the  equation  — — -  «* ,  where  ri  is  the  number 

p0        100-5^  +  ra' 

of  hydrated  sugar  molecules  to  100  molecules  of  water,  we  obtain 
the  numbers  given  in  the  second  last  column  of  Table  XXXVI. 
On  plotting  these  numbers  against  the  temperature  a  curve  is 
obtained  which  agrees  excellently  with  the  experimental  values 
of  the  freezing-point,  obtained  by  Jones  and  Getman,  which  are 
given  in  the  following  Table  XXXVII  (compare  T.  Ewan93)  :— 

TABLE  XXXVII. — FREEZING-POINTS  OF  SOLUTIONS  OF  SUCROSE. 


Moles  of 

Moles  of  Solute 

Sucrose 
per  Litre 

per  100  Moles 
of  Water. 

Freezing-point. 

O'2 

0'377 

-0-404° 

0-4 

0-789 

-  0-848° 

0-6 

1-243 

-1-345° 

0-8 

1-742 

-  I-9500 

i-o 

2*306 

-  2-662° 

I'2 

2-930 

-3-550° 

I  '4 

3-628 

-4-612° 

1-6 

4*445 

-5-800° 

1-8 

5'36g 

-  7-230° 

2'O 

6-283 

-9-130° 
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It  is  clear  from  the  above  discussion  that  when  tested  by  the 
results  of  freezing-point  determinations,  the  experimental  and 
calculated  values  are  again  in  excellent  agreement  when  the 
assumption  is  made  that  the  cane  sugar  combines  with  water  to 
form  a  hydrate.  When  the  association  of  the  solvent  is  neglected 
we  see  that  the  assumption  of  the  formation  of  a  pentahydrate 
suffices  to  explain  the  results  obtained  ;  but  what  has  already 
been  stated  (p.  65)  with  regard  to  association  of  solvent  and 
hydration  must  be  borne  in  mind,  as  well  as  the  influence  of 
heat  of  dilution.  If  the  heat  of  dilution  were  entirely,  as  it  no 
doubt  is  mainly,  due  to  changes  in  the  association  of  the  water 
and  to  hydration,  the  employment  of  the  formula 


p0       N  +  n'  -  an 

would  give  the  correct  relationship  between  lowering  of  the 
vapour  pressure  (and  the  related  quantities,  osmotic  pressure, 
depression  of  the  freezing-point,  etc.).  But  as  it  will  probably 
not  be  possible  to  obtain  sufficiently  accurate  and  independent 
determinations  of  the  change  in  association  and  hydration  of 
solute,  the  above  method  of  investigating  the  problem  constitutes 
a  valuable  step  in  the  direction  of  obtaining  an  approximate 
knowledge  of  the  constitution  of  solutions  ;  and  the  method  has 
been  applied  by  Callendar  to  a  number  of  solutes,  both  electro- 
lytes and  non-electrolytes. 

That  the  employment  of  the  simple  van't  Hoff  law  leads  to 
too  small  values  of  the  osmotic  pressure,  has  already  been  pointed 
out  Similarly,  it  leads  to  too  great  depressions  of  the  freezing- 
point.  The  employment  of  this  relationship  therefore  for  the 
calculation  of  the  degree  of  hydration  of  a  solute  must  not  be 
employed  in  the  case  of  concentrated  solutions,  as  has  been  done 
by  H.  C.  Jones  and  his  co-workers.* 

Elevation  of  the  Boiling-  Point. 

For  the  investigation  of  the  constitution  of  solutions  one  can 
also  employ  determinations  of  the  boiling-point.  The  connexion 
between  elevation  of  the  boiling-point  and  osmotic  pressure,  or 

*  For  a  discussion  of  this,  see  also  Washburn,  Jahrbuch  der  Radio- 
aktivitat  u.  Elektronik,  1908  ;  "  Hydrates  in  Solution,"  Technological 
Quarterly  (Massachusetts  Inst.  of  Technology,  1908). 
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vapour  pressure,  can  be  deduced  in  a  similar  manner  to  that  for 
the  depression  of  the  freezing-point.73* 89>  90-  Few  data  of  sufficient 
accuracy  are  available  for  testing  satisfactorily  the  relationship, 
but  Callendar,  using  the  data  of  Kahlenberg,  has  shown  that  the 
application  of  the  assumptions  made  previously  with  regard-to 
the  hydration  of  the  solute,  leads  to  values  which  are  in  harmony 
with  those  determined  experimentally. 


CHAPTER  VIII. 

VIEWS  REGARDING  THE  CAUSE  OF  OSMOSIS  AND  THE  ACTION 
OF  THE  SEMI-PERMEABLE  MEMBRANE. 

STATED  in  its  most  general  terms,  the  cause  of  osmosis  is  the 
difference  which  exists  between  the  free  energy  or  activity  *  of 
the  solvent  in  the  pure  state  and  in  the  solution,  a  difference 
rendered  manifest  by  the  difference  in  the  vapour  pressures  of 
the  solvent  and  the  solution.     If,  therefore,  we  have  a  solution  in 
direct  contact  with  the  pure  solvent,  equilibrium  cannot  exist  on 
account  of  this  difference  of  free  energy,  or  difference  in  activity 
or  in  chemical  potential,  as  it  is  also  called.       Diffusion  of  the 
solvent  therefore  takes  place  from  the  region  of  the  pure  solvent, 
where  the  free  energy  or  activity  is  greater,  to  the  solution,  where 
the  activity  (of  the  solvent)  is  less.     Similarly,  diffusion  of  the 
solute  takes  place  from  the  solution  to  the  pure  solvent,  and  the 
process  continues  until  complete  uniformity  of  composition   is 
established.     If,   however,  instead   of  having   the   solvent   and 
solution  in  direct  contact  with  each  other  a  semi-permeable  mem- 
brane is  inserted  between  them,  the  "  driving  force  of  diffusion,'' 
which,  as  we  have  seen,  depends  on  the  difference  between  the 
activity  of  the  constituents  in  the  solvent  and  in  the  solution,  is 
not  altered.     Moreover,  since  the  membrane  is  permeable  to  the 
solvent,  diffusion,  so  far  as  it  is  concerned,  can  take  place  just 
as  before.     We  have  then  the  phenomenon  of  osmosis.     Since, 
however,  the  solute  is  prevented  by  the  membrane  from  diffusing 
into  the  solvent,  the  production  of  uniform  concentration  through- 
out the  system  is  impossible,  and  equilibrium  can  be  established 
only  by  the  free  energy  or  activity  of  the  solvent  in  the  solution 
acquiring  the  same  value  as  in  the  pure  state.     Since  this  can  be 
brought  about  by  increasing  the  pressure  on  the  solution,  the 
diffusion  of  the  solvent  into  the  solution  will  continue  until  the 
requisite  pressure  is  established ;  and  this  pressure  is  the  osmotic 

*  This  term  is  due  to  G.  N.  Lewis. 
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pressure.  Such  pressure,  as  we  have  seen  in  the  preceding  pages, 
is  a  function  not  of  the  concentration,  expressed  in  grams  or 
gram-molecules  per  litre,  but  a  function  of  the  molar  fraction. 
Only  in  infinitely  dilute  solutions  does  the  former  become 
identical  with  the  latter. 

The  essential  function,  then,  of  a  semi-permeable  membrane 
is  to  allow  a  solution  under  pressure  to  be  brought  into  contact, 
so  far  as  the  solvent  is  concerned,  with  the  pure  solvent  not 
under  pressure  ;  or,  in  other  words,  the  semi-permeable  membrane 
allows  of  a  pressure  being  exerted  on  a  solution  in  contact  with 
the  solvent,  without  exerting  a  pressure  on  the  latter. 

But  to  what  is  this  property  of  semi-permeability  due?  To 
this,  various  answers  have  been  offered.  The  first  is  that  due 
to  M.  Traube,5  who  considered  that  semi-permeable  membranes 
acted  as  "  atomic  sieves,"  which  allowed  molecules  of  certain 
dimensions  to  pass  through,  but  prevented  the  passage  of  larger 
molecules.  Supposed  confirmation  of  this  view  was  found  by 
Traube  in  the  fact  that  the  permeability  of  membranes  was 
diminished  by  clogging  the  "pores"  with  other  substances. 
Thus  when  the  gelatine-tannic  acid  precipitate  was  clogged  with 
barium  sulphate,  it  became  impermeable  to  ammonium  sulphate 
and  to  barium  nitrate,  and  a  membrane  of  copper  ferrocyari- 
ide  when  clogged  with  silver  chloride  became  impermeable  to 
potassium  chloride. 

This  view  regarding  the  mode  of  action  of  the  semi-permeable 
membranes  remained  for  a  considerable  time  the  one  generally 
accepted.  Influenced  by  this  explanation  and  on  the  basis  of 
osmotic  experiments  carried  out  with  solutions  of  propyl  alcohol 
in  water,  S.  U.  Pickering  135  concluded  that  the  alcohol  formed 
hydrates  in  solution  which  were  too  large  to  pass  through  the 
assumed  pores  of  the  septum.  The  experimental  basis  on  which 
this  conclusion  rested  was  afterwards  shown  by  Findlay  and 
Short 136  and  by  Barlow  24  to  be  unsound.  The  experiments  of 
Kahlenberg 43  also  yielded  results  which  are  at  variance  with  the 
sieve  theory  of  the  semi-permeable  membrane. 

Although,  even  in  comparatively  recent  years,  others,  among 
whom  may  be  mentioned  W.  Sutherland,137  have  adhered  to  the 
above  explanation  of  the  nature  of  semi-permeable  membranes, 
it  may  be  said  to  have  passed  almost  entirely  out  of  favour.  It 
has  been  pointed  out  by  Perrin,138  however,  that  the  explanation 
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of  the  semi-permeable  membrane  as  forming  a  sieve  or  mesh- 
work  may  be  found  acceptable  to  account  for  the  impermeability 
of  colloidal  membranes  to  colloids  (cf.  M.  Traube 6). 

According  to  another  view,  which  will  be  discussed  more 
fully  at  a  later  point,  the  membrane  is  regarded  as  consisting  of 
fine  capillary  tubes  ;  and  attention  has  again  been  directed  to  this 
explanation  by  S.  L.  Bigelow,139  who  showed  that  water  passes 
through  collodion,  gold-beater's  skin,  parchment  paper,  and  un- 
glazed  porcelain  plates,  at  rates  conforming  to  Poiseuille's  equation 
for  the  flow  of  water  through  capillary  tubes  ;  and  the  same  law 
was  shown  by  Bartell  14°  to  hold  also  in  the  case  of  membranes 
of  copper  ferrocyanide.  It  was  also  shown  by  Bigelow  and 
Bartell  U1  and  later  by  Bartell  142  that  distinct  osmotic  effects  were 
obtained  with  pore  diameters  of  the  order  0-5  micron,  which  is 
much  larger  than  the  probable  molecular  dimensions. 

Recently  S.  L.  Bigelow  and  C.  S.  Robinson  143  have  studied 
the  osmotic  effects  produced  with  septa  prepared  by  compressing 
powders  of  different  materials  such  as  silica,  amorphous  carbon, 
graphite,  copper,  silver,  and  gold.  With  such  septa  osmotic 
effects  of  considerable  magnitude  could  be  obtained,  the  magni- 
tude of  those  effects  increasing  with  a  decrease  in  the  diameters 
of  the  pores  of  the  membrane.  The  influence  of  the  chemical 
composition  of  the  membrane  is,  at  most,  of  secondary  impor- 
tance. It  appears  clearly,  therefore,  from  these  experiments  that 
osmotic  pressure  can  be  produced  through  the  agency  of  capillary 
forces  alone  without  the  aid  of  solution  processes  or  chemical 
reactions. 

That  the  action  of  a  copper  ferrocyanide  membrane  is  due  to 
capillarity  effects  is  also  borne  out  by  experiments  by  F.  Tinker,144 
who  has  shown  that  the  average  capillary  diameter  of  the  pores 
is  of  the  order  10  to  20  /JL/JL.  Although  the  pore  diameter  is 
relatively  great  as  compared  with  the  diameter  of  the  ordinary 
crystalloidal  molecule,  it  is  small  enough  for  the  whole  of  each 
capillary  to  be  entirely  under  the  influence  of  surface  forces  ;  and 
when  osmotic  flow  takes  place  the  moisture  which  diffuses  is 
temporarily  in  the  adsorbed  or  superficially  condensed  condition 
for  such  time  as  it  is  in  contact  with  the  membrane.  The  ad- 
sorption effects  shown  by  colloidal  membranes  are  selective  in 
nature.  A  copper  ferrocyanide  film,  for  instance,  takes  up  water 
rather  than  cane  sugar  from  aqueous  solutions  of  the  latter,  and 
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one  thus  finds  an  explanation  of  why  the  membrane  is  permeable 
for  water  but  not  for  sugar. 

To  H.  E.  Armstrong  is  due  what  may  be  called  a  chemical 
explanation  of  permeability  of  membranes.  To  quote  his  own 
words  :  H5  "  The  compounds  which  penetrate  the  membrane  .  .  . 
are  all  substances  which  attract  water  presumably  only  to  a 
minor  extent  and  which  exist  to  some  extent  in  solution  in  an 
unhydrated  condition  ;  those  which  cannot  penetrate  it,  on  the 
other  hand,  probably  all  form  hydrates  of  considerable  stability 
in  solution. 

"  I  picture  surfaces  generally,  colloid  surfaces  in  particular, 
as  not  merely  wetted  by  water  but  as  more  or  less  hydronated 
and  hydrolated"  (see  p.  104);  "that  is  to  say,  they  are  not 
merely  wetted  by  water  complexes  but  associated  with  hydrone, 
the  simple  fundamental  molecule  of  which  water  is  composed. 
The  intra-molecular  passages  in  a  colloid  membrane,  if  thus 
hydrolated,  would  be  guarded  by  the  attracted  hydrone  molecules  ; 
molecules  in  a  solution  bathing  the  membrane  which  attempted 
to  effect  an  entry  through  such  passages  if  hydrolated,  would  be 
seized  upon  and  held  back  in  virtue  of  the  attraction  which  the 
two  hydrolated  surfaces — that  of  the  membrane  and  that  of  the 
solute — would  exercise  upon  one  another.  The  hydrolated 
passages,  however,  would  be  indifferent  to  molecules  which  were 
not  hydrolated — consequently  such  a  substance  as  acetic  acid,  of 
which  probably  only  a  small  proportion  is  present  in  solution  in 
the  hydrolated  state,  would  gradually  pass  through  them. 

"  It  is  obvious  that  the  argument  now  put  forward  may  be 
applied  to  the  discussion  of  a  great  number  of  more  or  less  obscure 
physiological  phenomena.  .  .  .  The  argument  affords  an  explana- 
tion of  the  well-known  efficacy,  e.g.  of  mercury  salts,  of  iodine 
and  of  alkaloids  as  drugs.  It  should  point  the  way  to  the  pro- 
duction of  medicaments  adjusted  to  their  purpose  according 
as  it  is  desired  that  they  should  penetrate  this  or  that  mem- 
brane." 

The  explanation  of  semi-permeability  of  membranes  which  is 
probably  most  widely  accepted  at  the  present  day,  is  that  of 
selective  or  preferential  solubility.  The  membrane  is  permeable 
to  those  substances  which  dissolve  in  it,  and  is  impermeable  to 
those  substances  which  are  insoluble  in  it. 

This  explanation  of  the  permeability  of  membranes  was  first 
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suggested  by  L'Hermite,146  who  illustrated  the  action  by  the 
following  experiment.  Chloroform,  water,  and  ether  were  intro- 
duced into  a  cylinder  so  as  to  form  three  layers.  The  ether, 
being  soluble  in  water  and  also  in  chloroform,  gradually  passed 
through  the  aqueous  layer  and  dissolved  in  the  chloroform  ;  this 
substance,  however,  not  being  soluble  in  water,  did  not  pass 
through  the  aqueous  layer.  The  volume  of  the  chloroform  layer 
therefore  increased,  or,  if  the  movement  of  the  aqueous  layer  was 
prevented  by  suitable  means,  a  pressure  (osmotic  pressure)  was 
produced. 

Liebig 147  also  explained  the  action  of  the  membrane  as  being 
due  to  the  difference  in  its  "absorptive  power "  for  different  sub- 
stances ;  and  in  recent  years  this  explanation  has  come  to  be 
very  widely  accepted.  In  support  of  this  explanation  experi- 
ments have  been  described  by  Nernst,148  Kahlenberg,43  Flusin,149 
and  others,  the  large  number  of  qualitative  experiments  carried 
out  by  Kahlenberg  being  especially  worthy  of  mention.  The 
"solution  theory"  of  the  membrane  has  also  been  adopted  by 
Overton  15°  to  explain  narcosis  by  the  passage  of  substances 
through  the  walls  of  animal  cells ;  but  this  application  of  the 
theory  has  been  strongly  opposed  by  I.  Traube.151 

In  connexion  with  the  views  just  stated  regarding  the  nature 
of  the  semi-permeable  membrane,  it  may  be  mentioned  that 
I.  Traube  and  also  Bigelow  suggest  a  reconciliation  between  the 
solution  and  the  capillary  theories  on  the  basis  of  a  view  put 
forward  by  L'Hermite,  that  solution  is  itself  capillary  in  nature, 
and  that  the  process  of  solution  depends  on  the  difference  of 
surface  tension  between  solvent  and  solute. 

It  is  most  probable  that  the  different  views  of  the  action  of 
semi-permeable  membranes  are  not  mutually  exclusive.  Each 
explanation  may  be  correct  within  limits.  In  some  cases  the 
membrane  may  act  through  capillarity  and  by  selective  adsorption 
or  the  formation  of  slightly  stable  compounds  (adsorption  com- 
pounds) ;  in  other  cases  the  explanation  may  best  be  found  in 
selective  solubility. 

Corresponding  with  the  different  views  regarding  the  nature 
of  semi-permeable  membranes,  equally  divergent  views,  so  far, 
at  least,  as  the  manner  of  their  expression  is  concerned,  have 
been  put  forward  in  connexion  with  the  process  of  osmosis 
and  the  nature  of  osmotic  pressure.  These  views  fall,  however, 


VIEWS  REGARDING  THE  CAUSE  OF  OSMOSIS         99 

into  two  classes.  On  the  one  hand,  there  is  the  kinetic  inter- 
pretation of  osmotic  pressure,  according  to  which  the  pressure  is 
due  to  the  bombardment  of  the  semi-permeable  membrane  by  the 
solute  molecules,  in  a  manner  analogous  to  the  kinetic  explana- 
tion of  gaseous  pressure :  and  on  the  other  hand  there  is  the  view 
that  osmotic  pressure  is  a  hydrostatic  pressure  produced  by  the 
entrance  of  solvent  into  the  solution. 

The  origin  of  the  first  view  is  well  known.  When  van't  HofT 
discovered  through  his  mathematical  deduction  of  the  laws  of 
osmotic  pressure  that  in  dilute  solutions  the  osmotic  pressure 
was  equal  to  the  gaseous  pressure  which  the  solute  would  exercise 
if  in  the  form  of  vapour  and  occupying  a  volume  equal  to  the 
volume  of  the  solution,  he  suggested  as  a  plausible  explanation 
of  osmotic  pressure  that  it  was  a  bombardment  pressure.*  Van't 
Hoff,  however,  was  chiefly  interested  in  the  quantitative  relation- 
ships and  laid  no  stress  on  the  interpretation,  kinetic  or  other- 
wise, to  be  given  to  the  pressure  produced  with  the  aid  of  a 
semi-permeable  membrane.107  There  can  be  no  doubt,  however, 
that  the  bombardment  explanation  was  accepted  by  a  number  of 
chemists,  and,  as  we  have  seen,  is  still  warmly  championed  at  the 
present  day.  The  explanation  is,  in  itself,  attractive  by  reason 
of  its  simplicity,  and  for  this  reason  is  almost  universally  employed 
in  the  elementary  exposition  of  osmotic  pressure.  Moreover, 
the  experiments  carried  out  by  Ramsay,152  in  which  he  measured 
the  "  osmotic  pressure  "  of  a  gaseous  solution  of  hydrogen  using 
a  semi-permeable  septum  of  palladium,  as  well  as  the  analogous 
experiments  of  Villard,133  were  regarded  as  furnishing  a  rather 
convincing  analogy  to  the  osmotic  pressure  of  liquid  solutions. 
The  bombardment  or  gas  pressure  theory  has,  however,  been 
subjected  to  vigorous  attack,154  almost  from  the  commencement 
(see  also  Chap.  V). 

We  have  already  seen  that  the  thermodynamic  equation  for 
the  relationship  between  osmotic  work  and  concentration  involves 
not  the  volume  of  the  solution  but  the  volume  of  the  solvent,  or 
rather  the  increase  of  volume  when  solvent  is  added  to  the  solution. 
Further,  if  hyd ration  occurs,  the  volume  in  which  the  molecules 
of  solute  would  move  would  not  be  either  the  volume  of  the 

*  It  was,  however,  quite  clear  to  van't  Hoff  that  the  production  of  a 
pressure  was  due  to  the  entrance  of  water  into  the  solution  (Zeitschr.  physikaL 
Chem.,  1887,  i,  482). 
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solution  nor  the  volume  of  the  solvent  in  the  solution,  but  the 
volume  occupied  by  the  solvent  remaining  uncombined  with  solute. 
As  Callendar  has  said,  however,  "  it  would  be  straining  the  analogy 
unduly  to  regard  the  pressure  which  the  molecules  would  exert 
in  an  imaginary  volume  if  they  were  gaseous  as  being  the  primary 
cause  of  the  phenomenon  of  osmotic  pressure.  In  reality  the 
equilibrium  depends  primarily  on  equality  of  vapour  pressure." 

Even  when  the  view  is  adopted  that  osmotic  pressure  is  a 
hydrostatic  pressure,  very  different  views  have  been  expressed  as 
to  the  way  in  which  this  hydrostatic  pressure  is  produced. 

One  of  the  earliest  theories  put  forward  to  account  for 
osmosis  and  osmotic  pressure  is  due  to  Jager,155  who  sought  to 
bring  osmotic  phenomena  into  relation  with  the  surface  tension 
of  the  liquids.  According  to  Jager,  the  osmotic  pressure  is  pro- 
portional to  the  difference  between  the  surface  tensions  of  the 
solution  and  pure  solvent.  A  similar  view  was  put  forward  also 
by  B.  Moore,156  who  regarded  the  semi-permeable  membrane  as 
being  composed  of  fine  capillary  tubes  which  established  a  con- 
nexion between  the  solvent  and  the  solution.  In  such  a  case 
there  will  be  a  movement  of  liquid  from  the  side  of  the  liquid  of 
lower  surface  tension  to  that  of  higher  surface  tension.  No  perma- 
nent pressure,  however,  will  be  produced  unless  the  radius  of  the 
capillary  tubes  is  so  small  that  the  whole  body  of  the  liquid  is 
subject  to  capillary  forces.  In  the  case  of  semi-permeable  mem- 
branes Moore  considered  that  this  is  the  case ;  and  on  calculating 
the  radius  of  capillary  necessary  according  to  his  theory  to  give 
to  the  osmotic  pressures  of  solutions  the  values  which  they 
possess,  by  means  of  capillary  action,  he  found  that  it  lies  well 
within  the  radius  of  capillary  attraction.  The  whole  section  of 
liquid  in  the  capillary  would  thus  be  urged  by  difference  of  sur- 
face tension  in  the  direction  of  the  liquid  of  greater  surface 
tension,  that  is,  from  the  solvent  to  the  solution,  in  those  cases 
where  the  solution  has  a  higher  surface  tension  than  the  solvent. 
On  the  basis  of  this  theory,  Moore  drew  the  conclusions:  (i) 
The  surface  tension  of  all  solutions  obeying  the  solution  laws 
should  be  higher  than  those  of  the  solvents.  (2)  For  solutions 
of  the  same  substance  in  the  same  solvent,  the  surface  tension 
should  increase  directly  as  the  concentration  within  the  same 
limits  as  osmotic  pressure  obeys  the  gas  laws.  (3)  For  solutions 
of  different  substances  in  the  same  solvent,  the  differences  in 
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the  surface  tension  between  solution  and  solvent  should  be  the 
same  for  equi-molecular  solutions  of  these  different  substances. 
(4)  For  equi-molecular  solutions,  even  of  different  solutes  in  dif- 
ferent solvents,  the  differences  between  the  surface  tensions  of 
solution  and  solvent  must  be  equal. 

As  experimental  confirmation  of  his  conclusions,  Moore 
quotes  the  work  of  Quincke,157  Volkmann,158  and  others,  but  it 
can  scarcely  be  said  that  the  confirmation  is  sufficiently  strong  to 
establish  the  theory,  certainly  not  as  a  general  theory,  of  solu- 
tions. 

With  regard  to  the  views  expressed  by  Jager  and  by  Moore, 
it  was  pointed  out  by  Monti 159  that  a  solution  of  salicin,  although  it 
has  a  surface  tension  less  than  that  of  water,  has  nevertheless  a 
positive  osmotic  pressure  (contrary  to  the  first  conclusion  drawn  by 
Moore) ;  and,  moreover,  when  an  aqueous  solution  of  ethyl  alcohol 
is  separated  from  water  by  an  animal  membrane,  osmosis  takes 
place  from  the  water  to  the  alcohol,  that  is  to  say,  from  the  liquid 
of  higher  to  that  of  lower  surface  tension  ;  a  behaviour  which  is 
contrary  to  the  view  expressed  by  Moore. 

Moore  had  himself  recognized  this  discrepancy.  *  He  had, 
however,  put  forward  his  theory  only  for  solutions  which  have  a 
lower  vapour  pressure  than  the  pure  solvent,  and  as  aqueous 
solutions  of  alcohol  have  a  higher  (total)  vapour  pressure  than 
water,  Moore  considered  that  they  stood  outside  the  sphere  of 
application  of  his  theory. 

The  surface  tension  explanation  of  osmosis  has  also  been  ac- 
cepted and  advocated  very  vigorously  by  I.  Traube,1(i°  who,  how- 
ever, claims  a  somewhat  less  wide  scope  for  the  theory.  According 
to  Traube  the  difference  of  surface  tensions  determines  only  the 
direction  and  velocity  of  the  osmosis.  "Osmotic  velocity  and 
surface  tension  run  parallel.  .  .  .  Hence  the  difference  of  the  sur- 
face tensions  is  the  motive  force  in  osmotic  phenomena  ;  it  is  to 
this  difference  that  osmotic  pressure  is  due.  ...  It  must,  how- 
ever, be  emphasized  that  the  difference  between  the  surface 
tensions  cannot  be  considered  as  equal  to  the  osmotic  pressure, 
for  this  new  pressure  is  quite  different  for  isosmotic  solutions ;  it 
is,  in  the  first  instance,  only  the  measure  of  the  velocity  with 
which  the  osmotic  pressure  rises,  and  this  osmotic  pressure  is  only 
a  counterforce." 

That  the  views  of  Traube  are  capable  of  universal  application 
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appears  doubtful,  and,  indeed,  cases  have  been  cited  by  Barlow  161 
which  are  not  in  harmony  with  them. 

For  the  purpose  of  reconciling  the  surface  tension  explanation 
of  osmosis  with  experimental  results,  Battelli  and  Stefanini  m 
modified  the  theory  of  I.  Traube  and  expressed  the  view  that 
osmosis  must  in  every  case  occur  in  such  a  way  as  to  equalize  the 
surface  tensions  of  the  liquids  on  either  side  of  the  membrane. 
Consequently,  in  the  case  of  solutions  of  salicin,  for  example,  if 
the  membrane  is  truly  semi-permeable  (although  they  considered 
that  no  absolutely  semi-permeable  membrane  exists),  water  must 
pass  into  solution  in  order  to  equalize  the  surface  tension  ;  and 
this  process  will  continue  until  a  certain  pressure  is  established. 
When  the  membrane  is  not  semi-permeable,  osmosis  takes  place 
in  both  directions,  until  equality  of  surface  tension  is  established  ; 
and  the  major  current  will  take  place  in  such  direction  as  most 
rapidly  to  procure  this  result. 

In  the  case  of  dilute  solutions,  also,  Battelli  and  Stefanini 
claim  to  have  proved  that  such  solutions  as  have  equal  surface 
tensions  have  also  the  same  osmotic  pressures  and  vapour  pres- 
sures, even  when  they  are  not  equi-molecular.  That  this  cannot 
hold  generally  has  been  pointed  out  by  A.  Findlay ; l63  for  in  the 
case  of  solutions,  say,  of  salicin  and  salt,  the  vapour  pressure  is 
diminished  in  each  case,  but  the  surface  tension  is  diminished 
and  increased  respectively.  The  theoretical  deduction  of  the 
relationship  given  by  Battelli  and  Stefanini,  has  also  been  adversely 
criticized  by  Sella.164  It  may,  of  course,  be  that  in  the  region 
of  dilute  solutions  such  as  were  examined  by  Battelli  and  Ste- 
fanini, the  surface  tension  and  vapour  pressure  do  vary  propor- 
tionally, within  the  limits  of  error  obtained ;  but  the  conclusions 
drawn  by  these  workers  cannot  be  extended  to  solutions  generally. 

With  regard  to  the  connexion  between  permeability  of  mem- 
branes and  surface  tension,  I.  Traube  had  expressed  the  view  that 
a  membrane  which  is  not  permeable  to  a  substance  in  solution 
when  the  latter  has  a  greater  surface  tension  than  water,  becomes 
permeable  when  another  substance  is  added  which  lowers  the 
surface  tension  of  the  solution.  This  view,  however,  was  shown 
by  Battelli  and  Stefanini  to  be  erroneous. 

Although  the  surface  tension  theory  has,  perhaps,  always 
been  a  favourite  one  with  physicists,  it  has  not  shown  itself 
adequate  to  account  quantitatively  for  the  laws  of  osmotic  pres- 
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sure,  in  the  thermodynamic  sense  of  the  term ;  and  no  exact 
connexion  has  yet  been  established  between  surface  tension  and 
osmotic  pressure  or  the  diminution  of  the  vapour  pressure  of  a 
solvent  by  a  solute,  of  such  a  kind  that  the  latter  can  be  calcu- 
lated from  the  former.  Indeed,  I.  Traube,  who  is  at  the  present 
day  one  of  the  chief  advocates  of  the  surface  tension  theory  of 
osmosis,  expressly  states  that  the  theory  does  not  afford  a  basis 
for  the  quantitative  laws  of  osmotic  pressure.  The  surface  tension 
theory  is  advocated  by  him  as  a  theory  of  osmosis  rather  than  of 
osmotic  pressure  and  chiefly  for  its  importance  in  physiology. 
Subject  to  this  restriction"  the  theory  has  shown  itself  to  be  of 
great  value.165  In  this  connexion  the  work  of  A.  J.  Brown  and 
F.  Tinker  is  of  importance.166 

Perhaps  the  earliest  theory  of  the  cause  of  osmosis  was  that 
there  exists  an  attraction  between  solvent  and  solute  mole- 
cules, and  as  we  have  already  seen  (p.  3),  M.  Traube  regarded 
the  osmotic  pressure  as  being  a  measure  of  this  attraction.167 
Such  an  explanation  is,  however,  merely  a  restatement  of  the 
phenomenon  ;  but  it  was  later  rendered  more  precise  by  frankly 
identifying  the  "  attraction  between  the  molecules  "  with  "  chemical 
attraction  "  and  the  production  of  compounds  (hydrates).  This 
explanation  is  based  on  the  view,  both  very  old  and  widely  accepted 
by  chemists,168  that  the  process  of  solution  is  due  to  the  action  of 
chemical  affinity  between  the  solvent  and  solute  molecules.  In 
recent  years  the  view  has  thus  been  re-stated  by  I.  Traube :  16° 
"the  attraction  pressure  is  the  intensity  factor  of  the  solution 
energy ;  ...  in  aqueous  solutions  it  is  the  water  attractive 
power  .  .  .  consequently  we  conclude  that  hydrates  exist  in 
solution  ".  Kahlenberg  43  expresses  himself  in  similar  language. 

To  this  chemical  explanation  of  the  solution  process  as  con- 
stituting the  origin  of  osmotic  effects,  an  appearance  of  greater 
definiteness  has  been  given  by  H.  E.  Armstrong,169  by  giving  to 
the  hydrates,  the  formation  of  which  is  assumed,  definite  struc- 
tural formulae.  Briefly,  we  may  state  his  views  as  applied  to 
aqueous  solutions,  as  follows  : — 

In  water  there  exist  probably  both  simple  and  polymerized 
molecules  in  equilibrium,  represented  thus  :  (H.jO)n  ^nH2O.  By 
the  addition  of  a  non-electrolyte  this  equilibrium  is  disturbed  * 

*  A  similar  view  regarding  the  disturbance  of  an  equilibrium  between 
water-molecules  by  a  solute,  has  been  expressed  by  W.  Sutherland  (Phil. 
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in  the  direction  (H2O)n  ->nH2O,  and  these  monads  are  regarded 
as  exerting  an  attraction  for  similar  molecules  in  the  region  of 
pure  solvent  or  of  a  more  dilute  solution.  There  will  accordingly 
be  a  transfer  of  solvent  across  the  membrane  so  as  to  re-establish 
the  equilibrium,  the  osmotic  attraction,  in  the  case  of  a  non- 
electrolyte,  being  due  wholly  to  the  influence  of  the  dissociated 
water  complexes. 

Still  more  definitely  has  Armstrong  expressed  his  views. 
Water  he  regards  as  consisting  of  a  mixture  of  active  and  inactive 
molecules.  The  active  molecules  are  either  simple  monad  hy- 
drone,  H2O,  or  hydronol 

^OH 
the  inactive  molecules  are   associated   molecules  to  which   the 

formulae 

H20:OHa,    H20-OH3 

V 

OH2 

etc.,  are  given.  When  a  non-electrolyte  R  .  X  is  dissolved  in 
water,  it  reacts  with  the  hydrol  and  hydrone  molecules,  thus  : — 

°H*  OH3 

/  \  H  HO 

R.X  OHa  < — >  R.X/  \OHn 

HO        H  \  / 

\  /  OH  H 

\.S  /*MJ 

rf"\T_T  VyXln 

UOj 

giving  rise  to  the  active  (hydrolated)  complex 

RX/ 
\H 

as  well  as  to  the  inactive  (hydronated)  complex  RX :  OH2,  and 
polymerides  of  the  type  RX :  XR.  In  the  case  of  electrolytic 
solutions,  the  formation  of  still  more  complex  molecules  is 
assumed. 

The  hydrate  theory  of  solution  appears,  at  the  present  day, 
to  be  widely  accepted ;  but  although  it  is  a  very  plausible  theory 
and  is,  in  many  cases,  supported  by  a  large  mass  of  experimental 
evidence,  it  seems  to  be  an  error  to  explain  the  solution  process 
as  being  due  in  every  case  to  the  formation  of  compounds  be- 

1900  [6],  i,  460  ;  1906  [6]  12,  i  ;  Trans.  Faraday  Soc.,  1910,  6,  105),  who  has 
also  adduced  a  considerable  amount  of  evidence  in  its  support.  Compare 
van  Laar,  Zeitschr . physikaL  Chem.,  1899,  31,  i. 
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tween  solvent  and  solute.  As  has  already  been  pointed  out 
(p.  57),  not  a  few  cases  of  solution  are  known  (ideal  solutions) 
where  the  assumption  of  solvation  (or  combination  of  solvent  and 
solute)  is  both  unnecessary  and  unsupported  by  experimental 
evidence. 

Even,  however,  in  those  cases  where  the  assumption  of  hydra- 
tion  furnishes  the  most  satisfactory  explanation  of  the  solution 
process  in  aqueous  solutions,  two  somewhat  opposing  views  can 
be  and  have  been  held.  On  the  one  hand,  the  view  is  held,  e.g. 
by  H.  C.  Jones  17°  and  his  co-workers,  that  the  composition  of 
the  hydrate  formed  by  any  given  substance  is  purely  a  function 
of  the  concentration  of  the  solution.  There  may  therefore  be 
formed  in  a  solution  quite  a  number  of  very  unstable  hydrates. 
On  the  other  hand,  there  is  the  view  that  definite  stable  hydrates 
are  formed  which  persist  throughout  a  considerable  range  of  con- 
centration and  of  temperature.  This  is  the  view  which  was 
put  forward  by  Mendeleef,  but  as  we  have  already  seen  (p.  68) 
existing  data  appear  to  favour  the  former  view. 

It  has  already  been  mentioned  that  the  fundamental  cause  of 
osmosis  is  to  be  found  in  the  difference  which  exists  between 
the  activity  of  the  solvent  in  the  pure  state  and  in  the  solution. 
In  harmony  with  this,  Callendar 73  has  proposed  a  vapour  pressure 
theory  of  osmotic  pressure.  The  semi-permeable  membrane 
according  to  this  theory  consists  of  fine  capillaries  which  are  not 
wetted  by  the  liquids  but  which  admit  of  the  passage  of  vapour, 
or  in  other  words,  the  membrane  is  a  vapour  sieve.  Since  the 
pure  solvent  at  one  end  of  the  capillaries  has  a  higher  vapour 
pressure  than  in  the  solution  at  the  other  end,  distillation  will 
take  place  from  the  solvent,  and  the  vapour  on  passing  through 
the  capillary  will  condense  on  the  surface  of  the  solution  ;  and 
this  process  will  continue  till  the  hydrostatic  pressure  produced 
by  the  addition  of  solvent  to  the  solution,  so  effected,  is  sufficient 
to  raise  the  vapour  pressure  of  the  solution  to  a  value  equal  to 
that  of  the  pure  solvent.  This  theory  makes  no  assumption  as 
to  the  nature  of  solutions  and  is  sufficiently  general  and  inde- 
finite to  include  the  surface  tension  and  the  hydrate  theories. 

That  the  semi-permeable  membrane  is  constituted  by  "  vapour 
cells  "  and  that  transfer  of  solvent  takes  place  in  the  form  of 
vapour  is  a  view  which  has  also  been  advocated  by  Battelli  and 
Stefanini,162  Garver,171  and  others. 
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Of  other  theories  of  osmotic  pressure  which  have  been  put 
forward,  it  will  suffice  if  we  mention  here  the  theory  of  Tam- 
mann,172  and  more  especially  of  S.  Horiba,173  who  refer  osmotic 
pressure  to  the  change  in  the  internal  pressure  of  the  solvent ; 
the  theory  of  Hulett,174  according  to  which  the  osmotic  pressure 
can  be  regarded  as  a  negative  pressure  on  the  solvent  (the  vapour 
pressure  of  which  is  thereby  lowered) ;  and  the  electrostatic  theory 
of  Perrin  175  and  of  Girard,176  according  to  which  the  mechanism 
of  osmosis  is,  if  not  exclusively  at  least  essentially  electrostatic. 
This  theory,  which  is  chiefly  of  importance  in  relation  to  the  pro- 
cess of  osmosis  rather  than  to  the  quantitative  value  of  osmotic 
pressure,  may  be  placed  alongside  of  the  surface  tension  theory. 
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